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In a previous paper! an outline was given of the general problem of the 
origin of the solar system. An effort will now be made to understand how 
the protoplanets could first have formed and thereupon nearly completely 
dissolved — with only the present planets surviving. Since the identification 
of the responsible processes is based in part on the elimination of alterna- 
tives, the sequence of steps which has led to the final picture has been 
retained in this article. 

The dissolution of the protoplanets invelves a decrease of the mass, .V, 
of the total rotational momentum A, of the radius, RX, and a change in the 
energy content, /. It will further be accompanied by changes in the dis- 
tribution of internal temperature, 7, and density, p; and by condensation 
and sedimentation processes. The latter will depend on 7), p and the 
effective gravity, g; while these three parameters, in turn, will depend on 
M, Rand A. The discussion should therefore begin with the dynamical 
history of the protoplanets. 

Dynamical Relations. Since the ejection mechanism is still to be deter- 
mined, it will be necessary to keep the equations describing the changes of 
M, R and A quite general. The present WV, R, A values are known, and 
the initial values may be obtained with some degree of accuracy also. 
The first step will consist of making certain inferences concerning the 
ejection mechanism from the equations and the boundary conditions. 
Since the parameters used will be in the nature of averages, their inter- 
pretation will be facilitated if changes in them are held to a minimum dur- 
ing the interval considered. 

The composition of the Earth's atmosphere suggests a method of ap- 
proach. The present deficiency in atmosphere-building compounds may 
be estimated with the aid of a table of cosmic abundances and the ter- 
restrial abundances of Si and Fe. The deficiencies so found for the noble 
gases are of particular interest since these gases have at no time been bound 
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chemically to the solid earth. If allowance is made for the high abun- 
dance of A”, from decay of K”, the result may be stated in the form that 
there is a general deficiency of all truly atmospheric gases by the factor 10’ 
and a selective one depending on the molecular weight, simulating anevapora- 
tion process.” * This result suggests the presence of two stages in the “‘ejec- 
tion’ process, one in which most of the mass was lost by bulk motion 
(stage A), and one in which true evaporation could take place (stage B). 
On the basis of the figures quoted, stage B may be assumed to have been 
rather unimportant for the dynamics of the planet, and we may restrict 
the dynamical discussion to stage A. The ejection during stage A might 
be conceived as due to rotational instability of a contracting protoplanet, 
shedding large quantities of undifferentiated matter, except that large 
particles would gravitate toward the center of the structure and be re- 
tained by the planet. The large loss of planetary gases would be expected 
to result in a fairly high interplanetary density, consistent with the absence 
of true evaporation during stage A. The critical density would be about 
10°" cgs., corresponding to a mean free path of 10° em., Le., several 
planetary diameters. During stage A the interplanetary density may then 
be assumed to have exceeded this value, while stage B would have started 
when the density dropped below it. Two or three mechanisms may be 
invoked* which would cooperate in dispersing the interplanetary gas and 
cause stage B to follow stage A. 

Since during stage B the losses in .V/ and A are assumed to be small, we 
shall take the terminal data for stage A to be M]o, Ao and w ; here w is the 
angular velocity of rotation, while the subscripts refer to present values. 
The equatorial radius of the envelope will be assumed to have been so large 
that, with the given values of Mo and wo, free circular motion just resulted. 
This value is called Ry and is found from w?Re*? = GM. These data, 
then, define the terminal boundary conditions of stage A. 

One could assume that the beginning of stage A coincided with the pro- 
toplanet attaining its maximum diameter.' However, since it is desirable 
to keep stage A as nearly homogeneous as possible, a somewhat later epoch 
is selected when w was still given by w(orbit), but when R was about 0.5 
of Ryax. An examination of the internal motions of the protoplanet, 
under the combined effect of its own attraction and of the sun, has in- 
dicated that even if the protoplanet starts out as a near-homogeneous disk, 
a more centrally condensed structure will develop soon thereafter. Des- 
ignating the beginning of stage A with the index 7 we have accordingly: 


R; = = w(orbit). (1) 


The initial mass, /,, might be taken from table 1 of the previous paper. ! 
However, recently a more rigorous mass-radius relation has been deter- 
mined for protoplanets just stable in the tidal field of the sun. The new 
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mass values nearly coincide with the older ones for small protoplanets 
(Ra < 0.1), but they are larger for large protoplanets, by a factor of 4 
for the Earth (R/a = 0.19) to a factor 9 for Jupiter (R/a = '/;). The 
new values are based on the dimensions of equipotential surfaces in a 
frame rotating with the period of the orbit; the potential generated by 
the secondary mass was assumed to be that of a flat homogeneous ellipsoid. 
A fuller discussion of this problem is given elsewhere.* The masses 
required here, however, are those found on a centrally condensed model, 
consistent with the conditions specified in equation (1). The dimensions 
for different mass ratios found for the equipotential surfaces through the 
Lagrangian point 1, define the following interpolation formula : 


M,/M. = 12(R,/a)*?. 


Equation (1’) is an accurate relation for protoplanets with a strong (or 
fairly strong) concentration of mass toward the center. The principal 
uncertainty in equations (1) and (1’) is in the coefficient 0.5 for R). 

We shall now consider the equations relating 7, R and A to the ejection. 
We have for the total angular momentum 


A = = k,.R*w.M, (2) 


in which wy is the angular velocity at R and Rv/& is the effective radius 
of gyration. It is probable that all through stage A, we was close to the 
circular value, w,, given by Kepler's third law 


w?R*? = GM. (3) 


For this reason it is convenient to use the second equality of (2), with 
k, an auxiliary quantity = kwz). Sincew < w,, k, < k. 

The decrease in A, i.e., dA, is the sum of dA, and dA,, the latter being 
the loss by ejection of matter, and the former the loss due to tidal friction. 
There are reasons to assume that dA; < dAy. Call dA7r/dA = q < 1; 
then dA, = (1 — q) dA, and 


(1 — q) dA = dA, = dM, (4) 


in which ¢ is an unknown parameter, of the order of unity or smaller. The 
transverse velocity of the escaping material as it leaves the body is (Rw,. 
From equations (4) and (2) we find 


dA ~- 
k A (5) 
if k’ = (1 — qg)k./f. Equation (5) may be integrated, 


My, 


Mo 


A; 
k’ log log 


(6) 
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in which k’ is a mean value of k’ (it is the arithmetic mean for stage A, 
with 6A/A as weights; and the harmonic mean with 6.//M as weights). 
We could compute k’ if A,/Ay were known. 


A; ky M; (7 
Ay Ry Ro*aoMo ky 4) 


The two equalities correspond to those in equation (2), the second one 
referring to free circular motion at R, and Rx, respectively. The auxiliary 
quantity ky is then defined by k« Re? = ko Ro’, each being the square of the 
radius of gyration at the end of stage A. Its computed value is found in 
table 1. The angular velocity, w,, refers to a hypothetical protoplanet 
left entirely to its own attraction, consistent with R,, 17, and equation 
(3). From equations (3) and (1) it is found that w, S 3w, = 3w(orbit); 
i.c., if it were not for the solar tides the protoplanet could initially rotate 


TABLE 1 


BOUNDARY CONDITIONS FOR STAGE A 


| te] Cee] 
PLANET Ry Re ke 


Venus 22 1 63 34? 0.0003 
Karth-M 3.32 3.33" 3.35 3.04 0.079 
Mars 2.8: 3.85 3.06 ) 0.010 
Jupiter 3.27 2.92 0.046 
Saturn . 3.66 3:37 2 0.066 
Uranus 2.6 4.8 4.20 3.79 2 0.038 
Neptune ‘ 4.97 4.39 3.80 2 0.017 
“ Bracketed columns are logarithms. 

* Rotation period assumed as 15 days. 

“ Orbital momentum of Moon added to that of Earth’s rotation; other satellites 

negligible. 


three times faster than it does. The ratio A,/ Ao is therefore known except 
for ky. 

It appears that upper and lower limits may be adopted for k,; which 
lead to a result that is still significant. A very high upper limit for the 
beginning of stage A is k,; = 0.50, 1.e., a homogeneous disk. This assump- 
tion is unnecessarily extreme and it may be supplemented by a second 
limit, ky = O40, valid for a homogeneous ellipsoid, which is still extreme. 
In the light of an investigation of the internal motions of the protoplanets 
prior to stage A it is probable that even k; = 0.30 is a safe upper limit. 
From the relation wk; = w,k, it follows that k, is'/3k;. Since it is probable 
that during stage A the degree of central concentration increased, we shall 
assume that the lower limit of k, equals ky, the final value. With the 
various k, values as defined, equations (7) and (6) and the data in table | 
lead to table 2. The values of ¢ are estimated from R,/k’, under the as- 
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sumption that hk. & ‘ky + ke), the average of the initial and terminal 
values. If q should not be <1, but instead approach unity (which is 
unlikely), the true ¢ values are smaller than those given. 

Table 2 leads to the remarkable conclusion that for all planets ¢ < 0.2. 
The ejection was therefore not by equatorial instability (¢ = 1), but was 
instead nearly radial. We shall first inquire whether this result could in 
any way have been caused by the uncertain ratio R, R,,4, of equation (1). 
We shall see below that a very safe lower limit to this ratio is 0.4; but it 
could be as high as 0.6 or slightly more. Duplicate computations with the 
ratio 0.6 and corresponding changes in .\/, (equation |’) show, however, 
that the effects on k’ and ¢ would be quite unimportant. 

One might also suspect that the solar tidal force could have changed 
the angular momentum balance. It is seen, however, that equations (2) 
and (7) remain valid even in the presence of the solar attraction. Further, 
the trajectory of the escaping material, when still inside the protoplanet, 


TABLE 2 
SOLUTIONS FOR ky = 0.50, 0.40, 0.30 and 3k« 


[4 [4] 
PLANET Ao k’ Ao k’ 
8 0.3 


Ao 
‘ 


Venus 8& ().22 
Earth- 

Moon 0.2 ) 49 6.6 0.50 6 0.16 
Mars 9. 0.19 9.8 47 9.2 0.48 0.02 
Jupiter 36 0.28 37 4.2 0.38 3.4 0.11 
Saturn 5! 0.2 5.3 0.43 5 0.15 
Uranus 6! 0.25 6 41 6.3 0.42 f 5 0.08 
Nep- 

tune 6.5 é 0.25 6.4 37 20 6.3 0.38 | 3. 0.04 


39 8 6 0.40 0.0005 


* Bracketed columns are logarithms. 


will hardly be affected by the solar tidal force except during the earliest 
part of stage A; and even then the effect will be small. The ¢ values, 
which are in the nature of averages for stage A, will not be noticeably 
changed by solar tides. Finally, ejection through 1, might possibly be 
a complicating factor. It is readily shown that such ejection at the outset 
of stage A will correspond to ¢ = 0.6. Later, as R drops below the radius 
of the contact surface through 1; (appropriate for the value of 17), ejection 
through 1, would require ¢ to be larger than 0.6, proportional to the square 
root of the ratio of the radii of surface and planet. This high value 
required for ¢ excludes ejection through 1), except during the earliest part 
of stage A. 

On the basis of these several considerations it is concluded that the 
small values of ¢ are real. They cast doubt on the assumption that true 
ejection took place during stage A though this does not affect the validity 
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of the above analysis. Since no immediate alternative is suggested by the 
¢ values (except evaporation, which is supposed to take place in stage 
B), we continue on the original basis in the hope of finding more specific 
clues. 

If the source of ejection were at the periphery, it would follow from 
equation (4) that we < 0.24. Since this is not the case either at the 
beginning of stage A nor at the end, we might assume instead that the 
ejection was from deep layers. If we = w,, the source of the ejection was 
below Ry ¢ (this value would apply for the limiting case of complete 
conservation of angular momentum for the ejected clouds above the 
source level). 

If Z is defined by M,/\My = (R,/R«)?, we may use for stage A the 
interpolation formula: 


M/M, = (R/Rs)*. (8) 


The values of Z are found in table 1. The stability of the protoplanets 
in the tidal field of the sun depends on 6 ~ WR-* ~ R2~*. It is seen 
from table | that the stability of all protoplanets increased rapidly as R 
decreased. The average internal temperature and also the velocity of 
escape from the surface varies as 1//R ~ R’~'. This quantity increased 
with decreasing R for the Jovian planets, stayed nearly constant for the 
Earth, and decreased for Mars and Venus. 

The Energy Balance. After having considered the consequences of the 
conservation of angular momentum we turn to the energy balance of the 
ejection process. The initial velocity of escape, based on MM, and R, only 
(i.e., without regard for the solar tidal force), is about 11 km./sec. for 
proto-Earth and 9 km./sec. for proto-Jupiter. These velocities are, at 
the expected temperatures, several times the velocity of sound in //, and 
it would be very surprising if internal energy sources could bring about 
such ‘explosions.’ In the absence of direct knowledge about the process 
of ejection we proceed with two alternative hypotheses: (I) solar energy 
was supplied and made the escape possible; (11) only internal energy sources 
were involved. On (II) the escape must have been difficult, i.e., the 
ejected material must have escaped with practically zero mechanical energy. 
This means that the energy content of the proto planet, Epp, would not 
have changed within a factor of two (this margin follows from the virial 
theorem). If Hp is the total energy content of the present planet and 


Epp akEp, (9) 


we should expect a = | on hypothesis II. On hypothesis I, energy was 
supplied, and therefore a > 1, /& being negative. With the tabulated 


values of M],/ Mo, Rj/ Ro, and ko, and the geometric mean of k, of the first 
and last solutions in table 2, we find for 


| 
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Four Jovian Planets (mean)............. a=3 
1.5°108 


Since the a values depend strongly on M/,, Epp being proportional to 
M,?/R,, we have in these results first of all a check on equations (1) and 
(1’). While the single result of Jupiter appears to confirm the ratio 
Ri/Rinax. = 0.5, it must be remembered that R,,,, may be in error for a 
single planet because of possible changes in a during the past 3.10" years. 
On the other hand, the geometric mean of the four Jovian planets will be 
more reliable. Since a > | and since we found a = 3, a lower limit to 
Rj/Ryax. May be obtained by putting a = 1. This gives R,/Rya, > O40. 
It implies a maximum correction in table | of —0.3 to log M7, and of —0.1 
to log R;. 

It is completely ruled out that errors in \/, could be responsible for the 
very large @ values for the terrestrial planets. The only acceptable inter- 
pretation appears to be that for these planets solar radiation supplied prac- 
tically all of the energy needed for ejection, thereby leaving a structure behind 
that had a very small negative content compared to the original proto- 
planet. This conclusion is valid for any type of ejection, including evapo- 
ration. 

We may now in principle estimate the duration of stage A, the luminosity 
history of the sun being approximately known. By assuming that solar 
heat was converted into mechanical energy with an efficiency of e.g., 3°, 
we find the total duration of stage A for the terrestrial planets to be about 
10° years. An improved estimate will require some knowledge of the 
ejection mechanism itself. 

This mechanism might first be supposed to be meteorological in nature: 
condensation of H,O for the terrestrial planets and of NH, for the Jovian 
planets, causing the formation of giant cumulus clouds, rising in a clear 
envelope in adiabatic equilibrium. It can readily be shown, however, 
that the latent heat released, in a mixture of Hy and H,O in cosmic propor- 
tions, is able to raise the temperature only 2°C. at most, causing a com- 
pletely inadequate terminal velocity even if the cumulus rose without 
friction. The case is somewhat worse for NH3;, largely because of its 
somewhat smaller abundance. Dust clouds are more promising, because 
they can be heated continually by the sun and possibly maintain a large 
temperature difference with the surrounding clear envelope. If friction 
were absent and the clouds rose from deep levels (<'/.R) maintaining a 
temperature twice that of their surroundings, velocities sufficiently high 
for escape would just result. But friction alters the picture drastically. 
Suppose that we have a rising cloud, cylindrical in shape, with its axis 
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along the radius of the planetary envelope. Suppose that the height of 
the cylinder equals the local scale height of the surrounding atmosphere 
and that absolute temperature inside the cylinder is twice that of the 
atmosphere. Assume for simplicity that the atmosphere is isothermal. 
Let the pressure at the level of the top of the cylinder be py; then the 
pressure at the bottom will be 2.7% and the cylinder will per cm.’ experi- 
ence the lift '/.(2.7 — 1.0)pe ~ ps. For high velocities the resistance per 
cm.” of the top surface will be about p4v’, if v is the velocity of the cylinder 
and ps the density of the surrounding medium. ‘The cylinder will have its 
maximum velocity when the lift and the resistance are equal, or when 
pat” = pe. Since Pe = px RT/y, the condition is 


v = RT/p = '/sc’, (10) 


if ¢ is the velocity of sound. Hence, with all assumptions made as favor- 
able as possible we find v < c. For proto-Earth the extreme velocity 
limit would be about | km./sec., only 10°; of what is needed. 

Evidently more is required than mere heating by the sun, no matter 
how selective. In addition to straight evaporation, originally excluded 
from stage A, only one other possibility appears to remain: solar radiation 
pressure. It has been known for many years that the motions in comet 
tails may be explained if solar radiation pressure can exceed gravity by 
factors between | and 2000, with 100-200 being rather typical. Since 
both radiation pressure and gravity vary as a~’*, this ratio applies at all 
distances from the sun. Baade and Pauli have shown? that radiation 
pressure is effective not only on small particles, but even more so on 
molecules having resonance absorptions in the most intense part of the 
solar spectrum. They point out that COt and N,* are favored in this 
respect, in which cases the ratio of radiation pressure to gravity is about 
100-200. Jung has found® that for particles the ratio does not exceed 
10, this value being reached for non-metallic particles of about 0.1 micron 
radius and unit density. Solar heating will suffice to raise dust clouds to 
the periphery of the protoplanet or even slightly above it. The turbulence 
so created will affect the entire outer fringe of the envelope and will cause 
it to be “rough.’’ Solar radiation pressure would affect particularly the 
high spots and could rip them off if it exceeded the local force of gravity, 
g. We have 


(11) 


_ GM GM, 2 


R? R;? \R; 
Therefore, g will increase during stage A for all protoplanets except Venus, 
by as much as 10*-104 [the logarithm of the factor is (2 — Z) log (R;/ Rx), 

which is 2.8 for the Earth and 4.2 for Jupiter; see table 1]. The initial 
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value of g is GJ, R,*, which for all planets is essentially equal to the solar 
attraction, G\Jo a*. If the sun during the opening phase of stage A had 
already shrunk to its present radius (and hence had acquired its present 
temperature and luminosity), solar radiation pressure would indeed have 
been able to “rip off’ at least certain constituents of the limb of the proto- 
planet, as seen from the sun, regardless of a or \/,. If radiation pressure 
exceeded local gravity by a considerable factor other materials, like H» 
and He, could be swept away in the same proportion by the materials 
directly affected. The material once blown off would probably clear 
entirely out of interplanetary space. 

It may seem surprising that radiation pressure could have been impor- 
tant during stage A, yet so unimportant earlier, when the solar nebula 
was formed. ‘This presents no difficulty, however, if the nebula formed 
during the contraction period of the sun, either as a direct consequence of 
it or merely coincident with it. Suppose that the solar radius were .V 
times the present value; then the luminosity was somewhat less than 
N~'* times the present value and the effective temperature slightly less 
than NV" the present value. If NV were 50 (i.e., the sun just inside the 
Mercury orbit), 7) 500°K. Radiation pressure would then have been 
completely negligible.£ In fact, it could have been important only during 
and after the very last stages of the contraction process, some 50 million 
years after the solar surface had fallen below the present Mercury orbit. 
This epoch may tentatively be identified with the beginning of stage A. 

A reexamination must now be made of the hypothetical stages A and B. 
The first departure from the initial assumptions is that the interplanetary 
density during stage A was probably not >10~" but rather <10°". This 
means that stage B (evaporation) did not follow A, but was in part or almost 
entirely concurrent with it. It follows from equation (11) that radiation 
pressure became less effective as time went on, g being proportional to 
Rk? *. Stage B depends on the velocity of escape or R?%~', which for the 
terrestrial planets became smaller as time progressed, though it increased 
slowly for the Jovian planets. At present H. and He are escaping ef- 
ficiently from the Earth's atmosphere, but the other gases are gravitation- 
ally stable. From table | it follows that the velocity of escape for the 
garth was at the beginning of stage A nearly identical to the present value. 
Later, during stage A, evaporation became even more efficient. Since 
solar radiation pressure is not very effective on H, and He, and since these 
gases form the bulk of the protoplanets, it must be supposed that their loss 
was primarily due to evaporation rather than radiation pressure, though 
some small part could have escaped with particles and other gases. This, 
then, is the second main deviation from the initial assumptions. 

Conclusions. On the basis of a general study of the ejection process 
(not dependent on a particular mechanism) it was shown that the proto- 
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planets did not lose their excess mass by equatorial instability, as might 
have been supposed; but that instead the ejected material left the planets 
with remarkably low transverse velocities. This incidentally, indicates a 
comparatively slow shrinking process and admits the possibility of com- 
paratively large effects due to tidal friction. The energy balance of the 
ejection process shows conclusively that the terrestrial planets received 
nearly the full amount of energy, required for the mass dispersal, from solar 
radiation. ‘This fixes in principle the duration of the ejection process, a 
rough provisional value being 10° years. It is found that ejection in bulk 
(clouds or eddies) is ruled out, even if solar radiation stimulates rising 
motions; the velocity of escape will not be attained. It was found neces- 
sary to assume that solar radiation pressure cleared interplanetary space 
before large-scale mass losses could occur; and that while radiation pres- 
sure could also cause considerable losses to the protoplanets (of certain 
gases and small particles), that the bulk of the protoplanets, consisting of 
H, and He, must have escaped by evaporation. The processes by which 
interplanetary space was cleared of these constituents have not been defi- 
nitely identified, but it is probable that radiation pressure acting on other 
gases and on small particles has played a major role. In addition, gravi- 
tational and turbulent dispersal of a tenuous medium!‘ could have been 
effective. Clearly, the evaporation of H, and He would have been reduced 
or arrested by an interplanetary density in excess of 10~" egs.; a certain 
maximum rate of mass loss must therefore have existed. For the Jovian 
planets evaporation of H, and He was initially possible also, but became 
increasingly difficult as time progressed. Radiation pressure may have 
been comparatively more important in removing material from these 
planets. It is not surprising that these bodies have retained substantial 
quantities of gases; it is more surprising that they have lost as much as 
they did. It may be that ‘‘solar activity,’’ evidently responsible for most 
of the present evaporation of the Earth (Spitzer), was more pronounced 
in the past. 

On the basis of the present developments the near dispersal of the proto- 
planets would not have occurred but for the comparatively high surface 
temperature of the sun. If the temperature were less than 4000°K. the 
protoplanets would probably have remained essentially intact. It may 
therefore not be impossible to find such bodies accompanying Af dwarfs; 
they would have masses of 0.1-0.01 of the primary and move in a common 
plane around the star. For F and A stars terrestrial-type planets may 
exist if large particles (1 mm. and over) could have formed in sufficient 
numbers before the star attained its high temperature. 

The present discussion has not utilized the clues provided by the chemis- 
try of the condensation process, potentially a rich source of information.” * 
An integration with the chemical approach will be particularly instructive 
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after the astrophysical developments have been carried somewhat further 
so that more is known about the internal temperature, pressure and density 
during the various stages of the developing planets. Reference is made 
also to an article now in press’ discussing the evaporation process somewhat 
more fully. 
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THE CHLORIDE TRANSPORT SYSTEM 
OF GASTRIC MUCOSA 
C. ADRIAN M. HoGBen* 


LABORATORY OF ZOOPHYSIOLOGY, UNIVERSITY OF COPENHAGEN 
Communicated by F. C. Mann, May 11, 1951 


Investigation of electrolyte transfer across the gastric mucosa has 
resulted in definitive demonstration of a new cellular mechanism for 
electrolyte transport: the active chloride transport system. 

Productive study of electrolyte transfer across biological membranes 
has been possible since Ussing formulated a systematic analysis of flux. 
Flux is the movement of a given ion species crossing a membrane in one 
direction. Flux is conveniently measured with isotopes. In brief, ‘flux 
anslysis’’ embraces: (a) the law of passive diffusion,' (+) quantitative 
measurement of active transport in the short-circuited membrane,’ (c) 
the concept of exchange diffusion’ and (d) expression of passive diffusion 
in terms of electrical conductance.’ Two points are critical in the inter- 
pretation of the data presented below. The behavior of a passive ion,! 
under specified conditions, is given by: 


influx 7 (valence)(Vm) 


og 
outflux 60 
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A membrane can be simply short-circuited by applying an external poten- 
tial so that the potential difference across the membrane becomes zero.* 
The current necessary to maintain a 0 potential difference is equal though 
opposite in sign, to the current continuously generated by the membrane. 

Data reported here were obtained with the surviving isolated frog gastric 
mucosa which spontaneously secretes HCl. Approximately | sq. em. of 
mucosa dissected from the serosal coat was mounted between suitable 
flux chambers. The mucosa was bathed by a modified Ringer's solution: 
(110 NaCl, 2.5 KCI, 2.5 CaCl, 1.0 MgSO, meq. /1. and glucose 100 mg./ 100 
ml.; the nutrient solution being slightly buffered by 3 meq. of buffered 
phosphate replacing 3 meq. NaCl; aeration 100% O»). Fluxes were meas- 
ured with radioisotopes Na-24, K-42 and Cl-36. To avoid confusion, it 
is necessary to emphasize that outflux refers to movement from serosa 
to mucosa and influx, mucosa to serosa. 

The flux data are summarized in the tabulation. 

Movement of sodium across the gastric mucosa approaches the behavior 
of a passive ion. Although at P. D. 56 mV, the observed flux ratio was 
5.1 against a calculated ratio of 8.5, a better agreement may be anticipated 
with more adequate provision for equilibration. Probably sodium is 
crossing the mucosa intercellularly rather than transcellularly. Because 
of sodium’s passive character, it is quantitatively impossible to account for 
the secretion of H ions (some 0.5-1.0 microeq./hr.) by a Na-H exchange 
system. An incomplete study has shown that potassium fluxes are about 
one-fifth those of sodium. The total passive conductivity attributable to 
sodium and potassium is approximately 30° , of the total membrane con- 
ductivity under these conditions. 

Flux data of chloride present a remarkably different picture from those 
obtained with sodium. First, the magnitude of the fluxes is unexpectedly 
great; second, the movement of chloride is certainly not simply passive; 
and third, there is an appreciable discrepancy between outflux and influx 
across the short-circuited membrane (0 mV). The mean difference be- 
tween chloride fluxes at 0 P. D. was 1.4 microeq./hr. when the mean ob- 
served current generated by the mucosa was 1.7 microeq. hr. This agree- 
ment is sufficiently close, considering that fluxes were measured on sepa- 
rate membranes, to suggest an identity of active chloride transport and 
mucosal current. Under conditions of these experiments, a combination 
of unidirectional active transport and passive diffusion cannot alone ac- 
count for the total chloride flux. Passive chloride flux must be less than 
70° of the total membrane conductivity, i.e., less than 1.4 microeq./hr. 
As both fluxes are considerably greater than this value, a high proportion 
of the chloride transfer partakes of an exchange diffusion. Hence there is 
ample demonstration that chloride crosses the gastric mucosa in a combined 
state. 
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Chloride flux data suggested that the gastric mucosal current is active 
chloride transport. Influx and outflux had been measured on different 
membranes, introducing membrane variability. Membrane variability 
can be eliminated by comparing net chloride transfer with the sum of 
mucosal current and hydrochloric acid secretion in a single membrane. 
Flux chambers have been designed in this laboratory‘ which allow measure- 
ment of volume changes of +10 microl. This is sufficiently precise when 
supplemented by the analytic method of Keys® to measure net chloride 
transfer. The net chloride transfer in the short-circuited membrane is 
actually equivalent to the sum of the mucosal current and HCI secreted 
during an experiment. In six experiments net transfer checked within 
+6.9% and —7.6% of the sum, current and HCl. Therefore, the source 
of the distinctive current and potential maintained by the gastric mucosa 
is active chloride transport. 

Summary.—1. Study of electrolyte transfer across the gastric mucosa 
in terms of flux has led to demonstration of an active transport system for 
chloride. 

2. Active transport of chloride is the source of the distinctive current 
and potential maintained across the gastric mucosa. 


‘TABULATION OF FLUX DATA 


- SODIUM CHLORIDE 
mV OUTFLUX INFLUX mV OUTPLUX INPLUX 


0 0.52 0.47 0 5.8 4.4 

Spont. (25) 0.42 0.81 Spont. (30) (i 6.4 

30 0.34 0.88 

56 0.25 1.28 5b 4.8 4.7 
(microeq./sq. cm./hr.) 


* National Research Council Fellow in Medical Science. 
' Ussing, H. H., Acta Physiol. Scand., 19, 43-56 (1949). 
2 Ussing, H. H., and Zerahn, K., /bid. (in press). 

* Ussing, H. H., Nature, 160, 262 (1947). 

4 Ussing, H. H., Personal communication. 

5 Keys, A. B., J. Chem. Soc., 1931, pp. 2440-2447. 
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A NEW RIBOSE NUCLEOSIDE FROM NEUROSPORA: 
“OROTIDINE’'* 


By A. MICHAEL MICHELSON,t WILLIAM DRELL 
AND HERSCHEL K. MITCHELL 


THE KERCKHOFF LABORATORIES OF BIOLOGY, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, CALIFORNIA 


Communicated by G. W. Beadle, May 15, 1951 


A series of investigations using mutants of the fungus Neurospora has 
provided ample evidence that the pyrimidine orotic acid has a significant 
role in the biological synthesis of the ribose nucleosides uridine and cyti- 
dine.'~* By use of isotopically labeled orotic acid several investigators®~* 
have recently demonstrated that a similar conclusion may be drawn 
concerning a function of this pyrimidine in the biosynthesis of nucleic 
acids in animal tissues. In addition, an apparently more specialized 
biochemical activity of orotic acid has been shown*~'? for the organism 
L. bulgaricus. Thus, it now seems evident that this pyrimidine is an 
important substance in biological systems in general. However, results 
of the earlier work with Neurospora mutants in this laboratory suggested 
that the principal pathway of biosynthesis of uridine in the mold consists 
of the building of the pyrimidine component stepwise onto the carbo- 
hydrate rather than of a direct coupling of ribose and uracil. As a conse- 
quence of this hypothesis, several attempts have been made to synthesize 
glycosides and especially a ribofuranoside of orotic acid. None of these 
experiments yielded a carbohydrate derivative of this pyrimidine.'® How- 
ever, it now appears that the desired product has been obtained by isolation 
from one of the uridine-requiring mutants of Neurospora (strain 36601). 
The present report is concerned with this isolation and with some of the 
properties of the crystalline cyclohexylamine salt of the orotic acid ribo- 
side. 

Experimental.—Growth of Mutant 36601: The mutant strain (Neuro- 
spora crassa, 36601) was grown from conidial inocula in 35-liter cultures 
at 25°C. with forced aeration for a period of 4'/, days. The minimal 
medium'! was supplemented with 500 mg. of cytidine sulfate (per 35 
liters). The mycelium thus obtained was filtered off through cheese cloth 
and after being washed with 500 ml. of distilled water was squeezed out 
thoroughly by hand. (Wet weight, 200 g.) 

Extraction and Isolation: The moist mold was chopped into small 
pieces, suspended in 100 ml. of water and 200 mi. of 959% alcohol and 
mascerated for 10 minutes in a Waring blender. The resulting slurry 
was heated at 80° for 30 minutes and allowed to stand overnight. After 


filtering and washing the residual mycelium with 200 ml. of hot 50% 
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ethanol, 5 g. of barium acetate was added to the filtrate, and the solution 
was adjusted to pH 8.5 with barium hydroxide. The resulting precipitate 
was removed and washed by centrifugation, and the supernatant solution 
(containing approximately 1.2 gm. of glycoside) was evaporated under 
reduced pressure to 500 ml. The orotidine was then precipitated by 
addition of a saturated solution containing 10 gm. of lead subacetate. 
The precipitate was centrifuged, washed with water, suspended in 100 ml. 
of water and decomposed with HS. The filtrate from the lead sulfide 
contained 1.05 gm. of orotidine (approximately 60°) pure). This material 
was purified further by fractionation in the chromatopile,'’ using 12.5 
em. S & § filter paper (No. 598) and a developing solvent composed of 3 
parts of propanol to | part of water. After location of the riboside by 
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Absorption spectra of orotidine H2SO, at 100°C. Aliquots were taken at 
(curve A) and orotic acid (curve C) in intervals from the hydrolysis mixture (1 
0.1 N HCI and orotidine in 0.1 N Na- mg./ml. of cyclohexylamide salt) and di- 
OH (curve B). luted to 40 y/ml. in 0.1 N HCI for the meas- 

urements of optical densities. 


absorption spectra measurements, the substance was extracted from the 
paper with hot water. An aliquot of the resulting solution (containing 
200 mg. of orotidine) was evaporated in vacuo in the presence of 500 mg. 
of cyclohexylamine. The resulting syrup was dissolved in 3 ml. of ethanol, 
and 10 ml. of benzene was then added. After two days at 5°C. the white 
crystalline product (210 mg.) was filtered and air dried. The salt was 
recrystallized from 10 ml. of hot 95% ethanol plus enough benzene to 
produce a slightly turbid solution. The product was dried over P,Os at 
60°C. 

The recrystallized cyclohexylamine salt of orotidine gave the following 
analyses: Found %: C, 49.54; H, 6.68; N, 11.09. Calculated % for 
CysHosN308: C, 49.66; H, 6.52; N, 10.85. Pentose (orcinol): Found {%: 
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38.7, 38.6, 37.5. Calculated %: 38.8. M.-P.:  183-184°C. (corr.). 
Absorption spectra: Figure 1. 

Degradation Products: Unlike the ribosides of uracil and cytosine, the 
isolated riboside of orotic acid hydrolyzes readily in dilute mineral acid. 
A rate curve is shown in figure 2. The data were obtained by measure- 
ment of the changes in absorption spectrum at wave-lengths of 260 and 
300 mp. (See Fig. 1.) 

In order to identify the degradation products, a sample of the cyclo- 
hexylamine salt (120 mg.) was heated at 100° for one hour with 2.5 ml. 
of 1 N H»SO,y. After the solution was allowed to cool, the crystalline 
precipitate of orotic acid monohydrate was centrifuged, washed 3 times 
with distilled water (1 ml. each time) and dried at room temperature over 
CaCh. The product (47 mg., 85% yield) was recrystallized from boiling 
water and dried over P.O; at 100°C. This product gave the following 
analyses: Found %: C, 38.53; H, 2.74. Calculated % for Cs5H4N2O,: 
C, 38.48; H, 2.56. M.-P.: 343-344°C.'" The product was identical 
with a known sample of orotic acid with respect to absorption spectra in 
acid and alkali and to movement on paper chromatograms in several 
solvents. 

The supernatant solution from the orotic acid isolation was utilized 
for experiments on paper chromatography of the sugar component. Using 
Whatman No. | paper and a solvent mixture of 5 parts of propanol to 1 
part of 1©) NH,OH the unknown sugar gave an Rf value of 0.33 + 0.01. 
Known sugars tested simultaneously gave the following Rf values: Ribose, 
0.33; xylose, 0.29; arabinose, 0.26; glucose, 0.19; galactose, 0.18, mannose, 
0.25. Mixing the unknown with the known sugars did not affect the Rf 
values found. Similar results were obtained by chromatography in other 
solvents. Benzidine'® and naphthoresorcinol'® reagents were used to 
locate the sugars on the paper. Typical pentose reactions were given by 
the unknown sugar. 

Confirmation of the identity of the pentose component was obtained 
by applying the method of Ikawa and Niemann.'? Absorption spectra 
obtained after heating a known mixture of ribose and orotic acid in 80% 
H,SO, for 30 minutes were found to be identical with spectra obtained 
from an equivalent quantity of cyclohexylamine riboside after the same 
treatment. The orotic acid is nearly destroyed by the treatment and 
does not seriously interfere with the determination, 

Discussion..-On the basis of the data presented here, there remains 
little doubt that the substance isolated from Neurospora is a riboside of 
orotic acid although some further work is necessary to make the ribose 
identification unequivocal. In connection with the problems of structure, 
the unexpected lability of the glycoside to acidic hydrolysis merits con- 
sideration. It is possible that this property indicates the presence of an 
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oxygen rather than a nitrogen (position 3) glycoside, but on the other 
hand, this relative instability may be due to the presence of the adjacent 
carboxyl group on the pyrimidine ring. The latter explanation seems the 
more probable, and it is consistent with the fact that attempts to couple 
dialkoxy orotic acids and esters with acetobrom sugars have failed to 
yield glycosides under conditions that are satisfactory with diethoxy- 


uracil. 

Further questions concerning structure, synthesis and biological activity 
of the isolated orotic acid glycoside will be considered in subsequent 
communications, 

Summary. 1. Some of the properties of a new glycoside of orotic 
acid and its isolation from Neurospora are described. The pure substance 
was obtained as a cyclohexylamine salt. 2. Evidence is presented to 
show that the substance is a pentoside and that the pentose is ribose. 


* This work was supported by funds from the Williams-Waterman Fund for Combat 
of Dietary Diseases, the Rockefeller Foundation and funds from the Atomic Energy 
Commission administered through contract with the Office of Naval Research, United 
States Navy, Contract N6-onr-244, Task Order \V. 
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OF GYMNOSPORANGIUM 
MEDIA 


THE ISOLATION AND CULTURE 
JUNIPERI-VIRGININAE SCHW. UPON ARTIFICIAL 


By Hucu H. Horson* anp Victor M. Currer, JR.t 


DEPARTMENT OF PLANT SCIENCE, YALE UNIVERSITY 
Communicated by E. W. Sinnott, May 24, 1951 


The rust fungi have long been regarded as strict obligate parasites of 
vascular plants, and as far as the authors can determine, with the exception 
of an unsubstantiated note by Ray’ in 1901, no authentic report has ap- 
peared of the continued growth in culture of these fungi in the absence of 
their specific host plant. Since precise studies on the nutrition and 
metabolism of these organisms can hardly be carried out in the presence 
of host plant tissue an attempt was made to adapt these obligate parasites 
to a saprophytic mode of existence. It appeared feasible to culture rust 
infected tissue of a susceptible host by the classic methods of White‘ and 
Gautheret,’ and then by varying the cultural conditions to which these 
relatively undifferentiated host tissues were exposed, to condition the 
parasitic mycelium of the rust to a less specialized environment, and 
ultimately perhaps to render it independent of its host. Morel’ previ- 
ously attempted to culture several rusts on undifferentiated tissues, but 
attributed his lack of success to inadequate inoculation techniques. 

The rust selected was Gymnosporangium juniperi-virginianae Schw. 
which forms characteristic cornute aecia or roestelia upon Crataegus and 
Malus and telial galls upon its alternate host Juniperus virginiana. In 
eastern North America the roestelia are produced in early summer and 
aeciospores from them infect the leaf axils of cedar. The telial galls begin 
to develop the following April, and grow throughout the summer and fall. 
These galls produce gelatinous telial horns in the succeeding spring. 
Germination of the teliospores in these horns results in the production of 
numerous basidiospores which reinfect the rosaceous host. The mycelium 
of the rust is thus systemic in the cedar galls during the winter months, and 
this stage was selected as the starting point for this investigation. 

Telial galls collected at intervals during the fall and winter in Branford 
Township, Conn., were soaked for two minutes in 95 per cent ethyl alcohol, 
the outer cortex removed under aseptic conditions and the inner paren- 
chyma containing the rust mycelium sectioned into small cubes which were 
dipped into 0.1 per cent sterile ascorbic acid and then placed upon nutrient 
agar in sealed test tubes. This technique has been described by Gau- 
theret' and his nutrient solution No. 4 was employed as the basic culture 
medium throughout the experiments. The following modifications pro- 
moted more rapid growth of the gall calluses: the dextrose concentration 
was raised to 3 per cent and 500 ppm. of ascorbic acid was added to the 
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solution to inhibit the excess production of melanin by-products as the 
result of enzymatic activity in the gall tissues. Both carrot juice and 
yeast extract stimulated growth of the calluses and | per cent yeast extract 
was added routinely to all cultures. The optimum concentration of 
naphthalene acetic acid used was 107 g./liter. Non-infected callus tissue 
of Juniperus and Crataegus was obtained by the cambial tissue technique 
discussed by Gautheret. 

Calluses developed slowly from the cubes of gall tissue, in most cases 
new cellular growth first appearing where the tissue was in contact with 
the agar surface. It required from three to four months for the cultures 
to double their weight. Inspection of these calluses revealed that the 
intercellular mycelium of the rust had invaded the new growth. In many 
of the cultures typical telial horns were produced upon the original tissue 
after four to five months in culture. These horns were not as extensive 
as those produced in nature but were typical in all other respects, and they 
produced viable teliospores which could be germinated. This proved 
conclusively that the rust mycelium remained active in the cultured 
tissue. In some cases on the surface of these cultures around the 
base of the telial horns a white fluffy aerial mycelium was observed. When 
removed and stained with the Giemsa technique the majority of the mycelial 
cells proved binucleate, a condition which would be expected in rust 
mycelium at this stage. Some of this aerial mycelium developed terminal 
teliospores, although most of the mycelial tips remained sterile. When 
this aerial mycelium was transferred to fresh medium, growth did not 
continue. 

In one 4-month-old callus culture a mycelial fungus grew out from the 
callus tissue and invaded the nutrient substrate. This mycelium was 
transferred directly to fresh nutrient and it continued to grow. Subse- 
quently this organism was transferred to a wide variety of synthetic and 
natural media in shake and stationary cultures and in all cases the mycelium 
continued to grow. The colonies on all media were composed of densely 
packed, broad, short-celled filaments. The surface of the slowly expanding 
colonies was deeply rugose, cartilaginous and pale tan or pinkish in color, 
becoming darker in age. The majority of cells were binucleate, and no 
clamp connections have been observed. No spores were produced for 
several months but at scattered intervals over the colonies prosenchymatic 
areas developed in which the cells produced an abundance of dark orange 
or brown pigments. The appearance of these areas was reminiscent of 
the roestelial initials produced by Gymnosporangium upon the leaves of 
Crataegus. Ultimately upon and within the prosenchymatic areas short 
chains of subspherical or irregular thick-walled orange brown spores were 
produced upon some of the media employed. In no case were typical 
peridial cells produced in these cultures, nor were intercalary cells well 
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developed in the spore chains, and the spores, while showing similarities 
to the aeciospores of Gymnosporangium were in most cases abortive or 
atypical. 

Because of its similarity to the intercellular mycelium of Gymnospor- 
angium this fungus was tested by inoculating it onto uninfected callus 
cultures of Crataegus coccinea L. derived by Gautheret’s cambial tech- 
nique from twigs collected in Bethany, Conn. This species is very sus- 
ceptible to attack by Gymnosporangium in this area. Twelve calluses of 
Crataegus approximately 5 mm. in diameter growing on Gautheret’s 
medium No, 4 were inoculated on July 25, 1950, by placing bits of the 
mycelium upon them. 

On September 25, 1950, three of these inoculated calluses developed 
typical roestelia of Gymnosporangium in which aeciospores and_peridial 
cells were produced in perfectly normal fashion, All twelve callus cultures 
were examined on October 1S and it was found that in all but one case the 
mycelium had invaded the tissues, and was indistinguishable from the 
intercellular mycelium of Gymnosporangium in field collections of Craetegus. 
Uninoculated control calluses of Craetegus from the same source showed no 
intercellular mycelium. It appears certain therefore that the isolated 
mycelium was Gymnosporangium juniperi-virginianae. 

Since the isolated mycelium grew on a wide variety of media and showed 
abortive attempts to sporulate on most of them it probably does not possess 
any nutritional deficiencies which might explain the obligate parasitism of 
Gymnosporangium. The failure to form normal rust sori and spores might 
be explained on the assumption that the typical rust fructification is an 
induced host reaction and is not a characteristic of the rust mycelium. 
However only one isolation was obtained from a large number of cedar 
calluses treated identically, and the possibility must be considered that we 
are dealing with a mutant organism in which some genic change has per- 
mitted the obligately parasitic mycelium to become saprophytic without 
losing its ability to reinfect the alternate host and sporulate in characteris- 
tic fashion. The other puzzling feature of this case is the fact that bi- 
nucleate mycelium of Gymnosporangium should be capable of initiating 
infection upon Crataegus, since under normal conditions infection of the 
rosaceous hosts by Gymnosporangium occurs only through the germination 
of haploid uninucleate basidiospores. The fact that this mycelium pro- 
duced roestelia rather than spermagonia upon Crataegus cultures might 
indicate that the binucleate mycelium can infect rosaceous hosts once 
diploidization has occurred, and that the point at which this process 
occurs is of no particular significance. 

This is believed to be the first report of the culture of a rust fungus on 
artificial media in the absence of the host plant. Further work is in 
progress on the nutrient requirements of this isolate, and the isolation 


| 
| 


Vor. 37, 1951 GENETICS: FUNG AND STERN 408 


experiments are being repeated to determine whether Gymnosporangium 
can be isolated at will or whether we are dealing with a mutant line.° 
In closing the authors wish to express their deep appreciation to Dr. 
George Morel for numerous suggestions and aid in establishing these 
tissue cultures. 


* Research Fellow, Div. of Plant Pathology and Botany, Univ. of Minnesota, St. 


Paul, Minn. 

+ This research was supported in part by a grant from the Rockefeller Foundation 
to the Dept. of Plant Science, Yale University. 
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5 Subsequently three other mycelial fungi indistinguishable from the culture described 
here have been isolated by the same techniques from Gymnosporangium galls collected 
in Woodbridge, Conn. These isolates have not yet been tested upon Crataegus. 


THE SERATION OF FOURTH CHROMOSOME LOCI IN 
DROSOPITILA MELANOGASTER 


By Sut TONG FUNG AND CuRT STERN 
DEPARTMENT OF ZOOLOGY, UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA* 
Communicated May 8, 1951 


It is well known that the region included in the deficiency \/-4 contains 
the loci of abdomen rotatum (ar), cubitus interruptus (c/), grooveless 
(gu/) and Scutenick (Sen). The loci of bent (bf), eyeless (ey), Malformed 
(Mal), shaven (sv) and sparkling (spa) lie outside the A/-4 deficiency. 
Some information on their seriation has been obtained by the use of two 
transpositions of segments of the fourth chromosome into the long auto- 
somes. The one of these is the rearrangement R-15, in which a section 
beginning immediately before 1O1F1 and ending immediately after 102C4 
is inserted in a second chromosome in the capsule of 30A'. The other 
rearrangement is R(¢7)-24, in which a section beginning close to the kineto- 
chore and ending immediately after 102D1 is inserted, in reverse tandem 
duplicate form, in the third chromosome just before 93F1-2. The seri- 
ation of the left breaks of \/-4, \/-4(+-)-15 and A/-4(ct)-24 1s not known. 
The three breaks must be very close together in the short region between 
the kinetochore and 101F which is cytologically very difficult to analyze. 
The right breaks follow the order: \/-4— M-4(+-)-15--M-4(e1)-24. 
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Tests of sv and* spa show these loci to be outside of the deficiencies, 
since flies heterozygous for the Minutes and sv or spa are not sv or not spa. 
This places sv and spa either to the left of the leftmost break of the de- 
ficiencies or to the right of 102-D1, the right most break. The former 
alternative would localize the two genes in the left arm of the chromosome, 
or in the immediate neighborhood of the kinetochore. It seems more 
likely that the locations are in the distal section of the right arm, between 
102D1 and the tip of the chromosome, at 102F. This is in agreement 
with evidence presented earlier by L. V. Morgan? which places spa ‘‘distal 
to nearly all of region 102C.” 

Bent is outside of MJ/-4(+)-15 but included in M-4(ci)-24 as shown by 
the phenotypes of flies with Minute in one and Of in the other chromosome. 
Likewise, ey is not included in W/-4(+-)-15, as shown both by its suppression 
when the \/-4(+-)-15 chromosome is present, and its non-suppression by 
the R(+)-15 insertion. Eyeless, like bent, is included in W/-4(c7)-24 
since it is not suppressed by the \/-4(c7)-24 chromosome, but suppressed 
by the R(cz)-24 insertion. Malformed is not included in J/-4(+)-15, 
but included in A/-4(ci)-24. In hemizygous constitution showed 58 
per cent penetrance (based on 539 individuals). 

These observations show that bf, ey and Mal lie in those parts of the 
R(cz)-24 section which are not included in the shorter R(+-)-15 section. 
Since the exact locations of the left breakage point of the two sections are 
not known, it is possible that the left break of R(+-)-15 lies to the left of, 
or at the same place as that of, R(c7)-24. If either of these alternatives 
is true then the loci of bt, ey and MJa/ would be in the region between the 
right breakage points of R(+)-15 and of R(c7)-24. Should the left break 
of R(+)-15 lie to the right of that of R(cr)-24 then the loci of the three 
genes bt, ey and Mal could either be between the two left or between the 
two right breakage points of the two transpositions. Since the section 
between the left breakage points is at most only very small in comparison 
to the section between the right breakage points, it is much more likely 
that bt, ey and Ma/ lie in the distal right section, that is between 102C4 
and 102D1. No information is available regarding the seriation of bf, 
ey and Mal. 

In summary, the following seriation is suggested, placing in brackets 
genes whose relative sequence is unknown: (ar, ci, gol, Scn) —(dt, ey, Mal) 
—(sv, spa). 


* The experiments described here were performed at the University of Rochester, 
Rochester, N. Y. 

1Stern, C., McKnight, R. H., and Kodani, M., Genetics, 31, 598-619. 

2 Morgan, L. V., Genetics, 32, 200-219. 
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A MAP OF THE FOURTH CHROMOSOME OF DROSOPHILA 
MELANOGASTER, BASED ON CROSSING OVER IN TRIPLOID 
FEMALES 


A. H. STURTEVANT 


KERCKHOFF LABORATORIES OF BIOLOGY, CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA 


Communicated May 8, 1951 


Under ordinary conditions there is so little crossing over in the fourth 
chromosome of Drosophila melanogaster that the usual method of con- 
structing a map is not practicable. Deduction from the behavior of trans- 
locations has been utilized, but as will be shown here, has led to an incorrect 
result. Bridges and Brehme (1944) give the seriation bt (bent), sv (shaven), 
ct (cubitus interruptus), gz/ (grooveless), ey (eyeless), with 0.2 per cent 
crossing over for the whole series. This crossover value is certainly too 
high; it may be doubted if as many as five crossovers have ever been 
detected from diploid females. The results presented below show also 
that the above sequence is altogether incorrect, the true order being 7, 
gel, bt, ey, sv, (with a possibility that the positions of ci and gu! should be 
reversed ). 


TABLE 1 
CROSSING OVER IN FEMALES 
MOTHER 0 3 1,3 ‘ TOTAL 
+ /ct gul ey sv 2017 ‘ é 20 1 2077 
gel sv/ci ey 305 0 0 311 
Total 2322 ‘ ‘ 2% 1 2388 
TESTED CROSSOVERS 
+/ct gol ey sv 2 23 12 
gul sv/ci ey 0 3 2 
Total 2 26 l4 


I have reported (Morgan, Sturtevant and Morgan, 1945) that there is 
an appreciable amount of crossing over in the fourth chromosomes of 
diplo-IV triploid females. This has made it possible to build up multiple 
recessive stocks, which have now been used in four-point test-cross experi- 
ments (table 1). (The mutant alleles used were ci, gol, ey", and sv™.) 
The crossover classes are designated by regional numbers based on the 
assumption that the sequence is as given, and are clearly inconsistent with 
any other sequence, except that for, region | (between cz and go/) there 
are three single crossovers and two doubles, which means that the seriation 
gol, cl, ey, sv would give nearly as good a fit. 

It happens that ci—and to a lesser extent gu/ and ey—may at times be 
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somewhat difficult to classify with certainty. I have, therefore, carried 
out genetic tests on many of these crossovers (usually by mating them to 
ci gol ey sv, but in some cases by getting individuals homozygous for the 
crossover chromosome). In these tests the determination was, in each 
vase, based on numerous individuals, thereby eliminating the uncertainty 
of classification. As the table shows, no such test was obtained on any 
of the three individuals recorded as double crossovers; it may be that 
all of them were wrongly classified — though the evidence now to be pre- 
sented makes this unlikely. 

Before the ci gul ey sv stock was available several crosses were carried 
out in which females heterozygous for all four loci were test-crossed to 
males with two of the four recessives, and the crossovers between these 
two were then tested both for confirmation of the classification with 
respect to these two, and also for the presence of the other two recessives. 
These data do not permit any simple direct calculation of crossover values, 
but as Table 2 shows, they do include four tested double crossovers. The 

TABLE 2 
TESTED CROSSOVERS FROM 4-POINT TEST-CROSSES 
MOTHER FATHER 1 

gol sv/ci ey ciey 0 

gul sv/ci ey gol ey 0 

gul sv/ci ey gel sv 0 

ey/ci sv cl sv 0 

gol ey/ct sv gul ey 0 

Total 
Table | 
Grand total 


occurrence of true doubles thus seems clear, though it is of course wholly 
unexpected when the total amount of crossing over is so low. No satis- 
factory explanation of this high coincidence has yet been produced. 

Table 2 shows one 1.2 double, which suggests that the true sequence is 
gol ci ey sv. It is to be noted, however, that none of the experiments 
of table 2 involved the use of ci gv/ males for test-crossing, with the result 
that single crossovers in region | (if the sequence is ci gv/ ey sv) could 
have been detected only in the tests to cz males. These included only 
five of the 31 tested crossovers. 

In some of the cultures included in the first row of table 1, the ‘+ 
chromosome actually carried the gene bf. In these cases most of the cross- 
overs were tested not only for ci, gv/, ey and sv, but also for bt, with the 
results shown in table 3. 

These tests (which are all included in the lower half of table 1, disre- 
garding bf) show that bf lies between gv/ and ey, and is probably nearer 
ey. This conclusion is not in agreement with the locus usually given 
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(Dubinin, Sokolov and Tiniakov 1935, Bridges and Brehme 1944). The 
incorrect locus seems to have arisen from acceptance of the report of Bolen 
(1931) that the break in translocation white-mottled-5 lies between the 
loci of ey and of bt. I have recently reinvestigated this translocation, 
which involves breaks near the base of IV and the tip of X. There is a 
viable hyperploid type, which carries a duplication for the tip of X and 
the base of IV. Bolen reported that this duplication did not suppress 
the eyeless phenotype when added to flies of the composition ey/ey, but 
did suppress bent in flies of the composition bf/bt. I can confirm the 
result for ey, and can extend it to gv/, sy — and bt. The duplication males 
have spread wings, which makes classification for bf rather uncertain in 
them; but I have seen a duplication-carrying female with all the various 
aspects of the best phenotype fully expressed. 

Dubinin, Sokolov and Tiniakov (1935) concluded that the ‘“‘hetero- 
chromatic effect’? or a translocation could be spread through the 6¢ locus 
without affecting the bent phenotype; the present results, showing that 
bt was wrongly located, indicate that their data have no bearing on this 

TABLE 3 
bt 
FROM ~. X ci gul ey sv CRossoveRS TESTED FOR ALL Five Loci 
ct gul ey sv 
REGIONS CROSSOVERS 

1 gul ey sv O ci bt 

5 ey sv 6 ci gul bt 

3 bt ey sv 2 ci gul 

9 bt sv 0 ci gul ey 
question. It should be added that the statement by Bridges and Brehme 
(1944) that white-mottled-5 “when tested over ci, shows no position effect 
on dominance of ci *”’ is incorrect, as had already been reported by Dubinin, 
Sokolov and Tiniakov (1935)-—-a result confirmed in the present work. 
The position effect is present in rather extreme form. 

Summary. A map of the fourth chromosome of Drosophila melanogaster, 
based on crossing over in diplo-IV triploid females, shows the following 
relations (calculated from the upper half of table 1, with 6/ inserted on the 
basis of the data of table 3): cz (0); gul (0.2); bt (1.4); ey (2.0); sv (3.0). 

The sequence shown is definitely established except that it is still pos- 
sible (though unlikely) that cz and gv/ should be reversed. The uncer- 
tainty arises from the occurrence of unexpected double crossover classes. 

The sequence given is in agreement with those reached by Fung and 
Stern in the accompanying paper. 

Bolen, H. R., Am. Nat., 65, 417-422 (1931). 

Bridges, C. B., and Brehme, K. S., Carnegie Inst. Wash. Pub. 552, 1944, 253 pp, 

Dubinin, N. P., Sokolov, N. N., and Tiniakov, G. G., Biol. Zhurn., 4, 716-720 (1935). 

Morgan, T. H., Sturtevant, A. H., and Morgan, L. V., Carnegie Inst. Wash. Vearbook, 
44, 157-160 (1945). 
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THE CYTOPLASMIC SEPARATION OF SPECIES 
By Donacp F. Jones 


THe Connecticut AGRICULTURAL EXPERIMENT STATION, 
NEw HAVEN, CONNECTICUT 


Communicated May 9, 1951 


The classification of animals and plants into somewhat arbitrary taxo- 
nomic groups, based upon structural details, cellular configurations, ecolog- 
ical adaptations and other information, serves a useful and indispensable 
purpose, but the setting apart of these groups by their inability to inter- 
breed or to produce viable offspring, differing from the parental forms, 
is the final criterion of evolutionary change. 

Numerous investigations show that genes, which function normally 
in their own cytoplasm, are inhibited in species crosses and backcrosses 
where the unfamiliar cytoplasm is maintained. The best illustration of 
this action has been given recently by Clayton! in Nicotiana. Crosses of 
Nicotiana debneyi by N. tabacum and N. megalositphon by N. tabacum were 
partially sterile. When the hybrid was backcrossed by pollen from 
tabacum the plants became increasingly more pollen sterile until complete 
pollen sterility was established after three backerosses, and this sterility 
has been maintained for seven subsequent generations. When tabacum 
was used as the female parent or debneyi as the pollen parent, in the suc- 
cessive backerosses, complete pollen fertility was reestablished. Thus, in 
both cases, tabacum and debneyi genomes functioned normally when acting 
in their own cytoplasm, but did not function to produce pollen in the 
cytoplasm of the other species. 

Cytoplasmically controlled pollen sterility was also obtained by East? 
in a cross of Nicotiana Langsdorffii and N. Sanderae. Other characters 
were also inhibited when genes from one species were acting in the homo- 
zygous condition in the cytoplasm of the other species. On the other 
hand, East reviews a number of cases of merogony in plants where a genome 
of one species develops in the cytoplasm of another without any visible 
alteration. Cases of this kind, which may be due to a transfer of cyto- 
plasm, have confused the important point involved. The differentiation 
of the higher categories, with intergroup sterility, is accompanied by dif- 
ferences in the cytoplasm. These differences seldom have any visible effect 
except on the ability to reproduce. 

While the evidence for this is much clearer in plants there is some sup- 
port from animals. Crosses between species, that are sterile or partially 
sterile in sib matings, are more fertile in backcrosses to one or the other 
parent. 

Fifty years of Mendelian investigation has shown without question that 


408 


Vor. 37, 1951 GENETICS: D. F. JONES 409 


the visible differences between individuals and varieties within the species 
are almost entirely under genic control. Temporary environmental and 
maternal effects bring about differences in reciprocal crosses but these 
only delay, they do not obviate genic control. Important exceptions to 
this rule have been found to have a basis in something outside the chromo- 
some mechanism transmitted to successive generations in the cytoplasm. 
These exceptions in plants are largely concerned with chlorophyll develop- 
ment and pollen abortion, but other characters are also involved. 
Chlorophyll deficiency in the form of variegation transmitted by the 
female only has been listed as occurring in over twenty genera.’ Pollen 
abortion, transmitted by the female parent only, has been noted in at 
least six genera. Most of the cases of chlorophyll deficiency and pollen 
abortion that occur within the species have been found to be capable of 


TABLE 1 
SEGREGATION OF FERTILITY-RESTORING GENES IN CROSSES WITH CYTOPLASMIC POLLEN 
STERILE MAIZE PLANTS 


NUMBER OF PLANTS 
STERILE PERTILE 


(Sterile * Fertility Restorer) * Normal Fertile 28 28 
Sterile (Normal Fertile Fertility Restorer ) 
Backcrossed Total 39 
Ratio 
(Sterile X Fertility Restorer )-1 Selfed 
\(Sterile Fertility Restorer) Normal Fertile|-1 Selfed 
Selfed Total 
Ratio 
{Sterile (Normal Fertile Fertility Restorer Selfed- 
1 Selfed 0 10 
The sterile inbred used is C106 sterile; the normal fertile inbreds are C106 fertile 
and Ky39; the fertility restorer is Ky21. 


genic control, as has been shown clearly for maize.‘ Cytoplasmic pollen 
abortion, first described by Correns,°® has been found in several unrelated 
families of maize of diverse origin. Three of these different stocks have 
been tested and they all behave essentially alike. When propagated by 
normal pollen from the usual variety of maize they produce only pollen- 
sterile plants, or plants with a very small amount of viable pollen. A 
few exceptional varieties, when used as pollinators, have the ability to 
restore pollen production, either completely or to a high degree. This 
pollen-restoring function is carried by one or more genes in the chromosomes 
since clear-cut segregation is shown. (See Table 1.) 

Complete pollen restoration has been maintained for three generations 
and brought to the homozygous condition and presumably may be main- 
tained indefinitely. When these restored fertile plants are outcrossed by 
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fertile plants, not carrying genes for pollen restoration, they segregate into 
fertile and sterile plants. These recessive Mendelian segregates, in suit- 
able matings, reestablish the cytoplasmic condition of pollen sterility. In 
this way cytoplasmic sterility in one normally fertile line may be induced 
by crossing by another normally fertile line. 

Rhoades® noted the ability of certain plants to bring back pollen produc- 
tion but did not emphasize the pollen restoring ability of genes in the 
chromosomes, as he was interested in establishing the unique occurrence 
of cytoplasmic inheritance in maize. Similar results have been reported 
by Bateson and Gairdner’ for Linum and by Jones and Clarke® for Allium. 

Although chlorophyll and pollen production are the characters most 
frequently affected by cytoplasmic factors, other characters are also con- 
trolled by the cytoplasm, but this is the exception rather than the rule. 
Investigations by Lehman, Michaelis and others (see review by Caspari’) 
show that the size of the plants and form of the leaves and flowers are, in 
some cases, subject to cytoplasmic control. Morphological characters also 
show matroclinous inheritance in the moss, Funaria, and in Lycopersicum, 
Digitalis and Nicotiana. Species crosses of Digitalis,'’ that are completely 
sterile, show differences in cotyledon form and size and differences in the 
calyx and corolla, although in other respects reciprocal crosses are closely 
alike. 

Genetic research shows clearly that differentiation of species is brought 
about by gene mutations and gene recombinations. But gene mutation 
and recombination do not lead to physiological isolation since the most 
widely spaced geographical races are as fertile with each other as those near 
cach other. ‘The most diverse forms of domesticated animals and plants 
are as interfertile as those that are closely alike. Physiological isolation 
results from changes in chromosome number and in arrangement of 
chromosome parts, but when normal pairing is brought about by doubling 
of the entire chromosome complement, fertility may be restored. Obvi- 
ously other factors are also involved in the final separation of the higher 
categories. These factors on good evidence are in the cytoplasm. Whether 
or not they are induced by nuclear differences remains to be determined. 


' Clayton, E. E., J. Heredity, 41, 171-175 (1950). 

2 East, E. M., Am. Naturalist, 68, 289-439 (1934). 

3 Demerec, M., Botan. Gaz., 84, 1389-155 (1927). 

* Jones, D. F., Genetics, 35, 507-512 (1950). 

5 Correns, C., Ber. deut. botan. Ges., 36, 686-701 (1908). 

® Rhoades, M. N., J. Genetics, 27, 71-98 (1933). 

7 Bateson, W., and Gairdner, A. E., /bid., 11, 269-275 (1921). 

® Jones, H. A., and Clarke, A. E., Proc. Am. Soc. Hort. Sci., 43, 189-194 (1943). 
® Caspari, E., Advances in Genetics, 2, 1-66 (1948). 

Hill, J. B., Bot. Gaz., 87, 548-555 (1929). 
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EFFECTIVE CONFORMAL TRANSFORMATION 
OF SMOOTH, SIMPLY CONNECTED DOMAINS 


By G. Brrxuorr, D. M. YounG anp E. H. ZARANTONELLO* 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 
Communicated by J. von Neumann, May 11, 1951 


1. Statement of Problem. Many problems in plane potential theory 
can be solved easily, if one knows how to map the interior (or exterior) of 
a given closed curve C in the z-plane, confornially and one-one onto the 
interior (or exterior) of the unit circle ¢ = e’’ in the t-plane. This can be 
done by tabulated functions in some cases, but even in such cases, the 
solution often involves one or more symbolic parameters, whose numerical 
determination is awkward. 

Therefore, there is great interest in obtaining direct iterative or other 
numerical procedures, applicable to a// sufficiently regular domains, Many 
such schemes have been proposed, of which the most widely used is due to 
Theodorsen and Garrick.' The analytical formulae involved in these 
schemes have all been known, or could have been derived easily, since the 
time of Riemann, Schwarz and Neumann. However, there is a tremendous 
variation in the accuracy which can be achieved in a limited number of 
steps, and in the amount of data which must be stored, depending on the 
method used. 

We have tried to develop schemes practicable for high-speed computing 
machines with limited ‘‘memories,” giving good accuracy in a limited 
(10°-10%) number of steps. We outline below two new schemes, one for 
computing ¢ = /(z) from z, and the other for computing z = g(t) from ¢, 
which seem to us to offer various advantages. In addition, an analogous 
scheme for computing steady plane flows with free boundaries is described. 

2. First Solution..-To compute f(z), it seems most convenient to con- 
sider 


w(z) = iln 2/f(z) (w + (1) 


we can assume that C contains the origin z = 0, so that w(z) is single- 
valued. Using Cauchy's Integral Formula, since v = ~—In r (z = re’) 
is known on C, we can compute /(z) by a quadrature at all points, if we can 
determine the ‘‘angular distortion function” u(z) on C. This satisfies the 
non-singular, linear integral equation, for all z, € C, 


u(z,) = u(z) da + &(z,), 
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d 
= Sf Inr # (2’) 
p 


Here p and da are defined by z — 2, = pe'*. (For exterior mappings, the 
sign of the left-hand side of (2) is reversed.) 

Prager and Carrier’ have previously shown that, if the interior of C 
with two points deleted is mapped conformally onto an infinite cylinder 
with a finite slit, the boundary-to-boundary correspondence is given by an 
integral equation of the form (2), but with a different @(z,). Their pro- 
cedure has the advantage that &(z,) is given in closed form; it has the slight 
inconvenience of involving two parameters which must be determined. 
It has the disadvantage that, at the ends of the slit, the derivative of the 
correspondence is zero, which leads to an order-of-magnitude loss of 
accuracy. It is not clear that this loss of accuracy is compensated for if 
the interior of C is mapped, by this means, indirectly on the unit circle 
(or similar bounded, regular domain). 

Formula (2’) as written involves a divergent integral, which is defined 
by taking the Cauchy principal value. One can avoid the inaccuracy 
inherent in estimating this integral directly, by contour integration. 
Formula (2’) is equivalent to 


P(z)) = Sc (0 — 0;) da — 2y,, (3) 


where z = re'’ as before, and y, is the angle between Oz, and the tangent 
to C at z, As noted by Carrier,? accurate numerical integration with 
respect to da is easy, with smooth contours. 

Once (z,) has been computed at evenly spaced points, the discrete 
analog of (2) can easily be solved by iteration for convex regions, and 
probably for nearly convex regions. Accurate estimates of the rate of 
convergence can moreover be made a priori. 

3. Second Solution. Yo compute g(t), we use (like Theodorsen and 
Garrick) the relation between conjugate functions on the unit circle. 
Since neither = — @norv(o) = In is known directly as a function 
of o, we have fwo unknown functions. If the interior of C ts star-shaped 


and described by the equation r = e!” in polar coordinates, we have 


= — u(e)). (4) 


It is therefore sufficient to obtain an accurate iterative method based on 
(4) and the relation « = Conj |v], which is given as a singular linear integral 
transformation. Theodorsen proposed, in effect, iterating 


~—u(a) = Conj F(o — u(a))}, (4’) 


which is a singular, non-linear integral equation, 
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The arithmetization of this process involves approximating to a Cauchy 
principal value. We are doubtful if this can be done accurately, even if 
Theodorsen’s integration by parts is used. 

One can avoid this difficulty by arbitrarily restricting u(o) and v(o) 
to be trigonometric polynomials of degree n, and taking (2n + 1) equally 
Spaced points o;. For these o;, and a suitable square matrix //,,, we 
have the exact arithmetic relation 


u(o,) = (5) 


However, we fear that to use (5) in (4’) might lead in many cases to ap- 
proximations to g(f) mapping the unit circle on corrugated regions, whose 
boundaries had large and rapidly 
varying curvatures; this would 
be unsatisfactory in many ap- 
plications. 

We therefore propose to re- 
place r = e’” by the relation 
x = K() expressing the curva- 
ture «x = d@/ds as a function 
of the tangent direction &; this 
is unambiguous for convex 
domains. (An _ alternative, fol- 
lowing Lighthill,* would be to 
use ® = F(s), but this seems 
to us less advantageous for very 
smooth regions.) This leads FIGURE 1 
to another singular, non-linear The z plane. Line AA’ is tangent to ¢ at 2). 
integral equation 


Mo) = + Me"? K(a + 2/2 + Soa) da), (6) 


where 


t(0;) 


instead of (5), and 


if Mo) do = 0. (7) 


The Dini transform of a function is an integral transform whose kernel 
has a logarithmic singularity. However, the fact that this leads to a 
convergent integral appears to be less significant than the fact that the 
error in a discrete approximation gives rise to a slowly oscillating error in 
curvature, which vanishes at the o,. 

4. Free Boundaries; Concluding Remarks. Although we have not had 


(6 | 
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direct numerical experience with (6), we have had a good deal of experience 
with the analogous free boundary problem. In this case, Levi-Civita's 
parametrization and use of x = A(#) leads to an integral equation es- 
sentially of the form 


Mo) = K(f Xa) do). (8) 


Here v(o) is known and M is a parameter. By letting v(o) involve other 
parameters, the cases of symmetric walls, cusped cavities, Riabouchinsky 
flows, etc., can be treated in the same way. 

Using 5-25 points on barriers whose angular extent was as large as 155°, 
very good approximations were obtained to the curvature, and extremely 
good approximations to the profiles of the obstacles. This problem has 
already been adapted for explicit computation on the computing machine 
at the Institute for Advanced Study. 

Generalization of the preceding formulae to regions with corners and to 
annular regions can be easily made, but we have not explored their prac- 
ticability for accurate computation on high-speed computing machines. 

A detailed discussion of the preceding formulae and their arithmetiza- 
tions, together with the accuracy which may be expected if they are used, 
will appear in a longer article. 

* This work was supported by the Office of Naval Research through Contract N5ori- 
76 Project 22. 

! Theodorsen, T., and Garrick, I., “General Potential Theory of Arbitrary Wing 
Sections,’’ N.A.C.A. Report No. 452 (1933). 

2 Carrier, G. F., “On a Conformal Mapping Technique,” Quar. App. Math., 5, 101- 
104 (1947). 

3 Lighthill, M., ‘A New Method of Two-Dimensional Aerodynamic Design,’’ Aero- 
nautical Research Council Reports and Memoranda No. 2112. 


PARTIAL SUMS OF FOURIER SERIES 
By R. P. Boas, JR. 
DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY 


Communicated by S. Bochner, May 24, 1951 


Relatively little is known about the sign of the approximation to a func- 
tion furnished by the partial sums of its Fourier series,' but most evidence 
suggests that “in general’ the partial sums oscillate around the value of 
the function at each point,’ so that (for example) not all of them will 
exceed the function. ‘This note is a preliminary report on some investiga- 
tions which attempt to make this principle precise for various classes of 
functions. To simplify the statements I restrict myself here to some par- 
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ticular cases of the general theory. Throughout this note /(x) will denote 
a real even integrable function of period 27, a, its Fourier cosine coeflicients, 
and s,(%) the partial sums of its Fourier series. 

THEOREM |. Z/f f(x) is constant in a neighborhood of 0, each of the in- 
equalities s,(O) 2 (0) and s,(O) S {(O) holds for infinitely many values of 
n. 

Much sharper statements can be made; for example, we shall 
establish Theorem | by proving the following theorem. 

THEOREM 2. Under the hypotheses of Theorem 1, s,(0) — /(O) and 
Sy 4100) — /(O) cannot have the same sign for a sequence of values of n which 
have density 1, or even Polya maximum density |. 

One might expect that in some sense about half of the partial sums would 
satisfy each inequality in Theorem |, but this is not necessarily true. 

THEOREM 3. For any ¢, 0 < € < 1, there is an f(x) satisfying the condi- 
tions of Theorem 1 and with s,(O0) < {(O) at most for a sequence of integers of 
density 

If we place less restrictive conditions on /(x) in the neighborhood of 0 
we can obtain other results of a similar character, of which the following 
theorems are examples. 

THEOREM 4. /f f(x) ts analytic for | x| < 6,6 > O,and s,(0) — f(O) has 
the same sign as Ss, 4 (0) — [(O) for all n except for a sequence of zero density, 
then a, = O(e~™*), > 0. 

In other words, it is not possible for an /(x) which is analytic at 0 to 
have s,(0) 2 f(0), or even s,(0) — of the same sign as s, — f(O), 
for all m except a sequence of zero density, unless /(x) is analytic for all x. 
This shows that the sign of s,(0) — /(O) is influenced by the behavior of 
f(x) outside a neighborhood of 0, so that we are not dealing with a local 
phenomenon. 

THEOREM 5. /f /(x) has a continuous p 
s,(O) — f(O) has the same sign as s, 4 (0) — f(O) for all but a finite number 
of n, then a, = O(n~*). 

The proofs of Theorems 1, 2, 4 and 5 which I shall outline here use the 
theory of entire functions; however, A. Zygmund has pointed out to me 
that proofs can also be obtained by methods more usual in the theory of 
Fourier series. The use of entire functions makes it easy to obtain sharper 
theorems when something is known about the size of 6 in Theorems 2, 4 
and 5; roughly speaking, the larger 6, the smaller the density of perma- 
nences of sign in the sequence | s,(0) ~ f(0)} which needs to be assumed. 
Furthermore, it is possible to weaken s,(0) — /(0) 2 0 to s,(0) — f(0) 2 
—h,, where {h,} is a sufficiently rapidly decreasing positive sequence. 

Our starting point is the usual formula for the partial sums, 


th 


derivative for |x| S 6 and 


5n(0) — f(0) = f(t) — sin (m + '/2)t ese '/ot dt, 


4 
i 
| 
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In the case of Theorems | and 2, /(t) — f(O0) = O for || < 6,6 > 0, and so 


s,(0) — f(0) = 9 f(t) — sin (n + ese dt 
=m '(—1)" +1 fiw — — f(0)] 
XK cos (n + '/2)u see du. 


Consider the function 
F(z) = — uw) — cos (2 + '/2)u sec du. 


This is an even entire function of order | and type m — 6 < a, real and 
bounded on the real axis; if s,(0) — /(O0) ands, have the same 
sign, (2) changes sign between n and » + |; thus F(z) has zeros whose 
density, or Pélya maximum density, is at least that of the n’s for which 
s,(O) — /(O) has the same sign as s, 4 (0) — /(0). By results of Levinson® 
F(z) vanishes identically if this density exceeds | — 6/r; in that case 
f(r — u) = f(0) almost everywhere and the Fourier series of f(w) reduces 
to its constant term. This establishes Theorem 2 and hence Theorem |. 

For Theorems 4 and 5 the discussion is similar but somewhat more com- 
plicated. We now have 


(—1)"[s,(0) — = F(n) + sin (n + dt («) 


where = [/(t) — /(O)|ese ' ot. We express the sine in terms of ex- 
ponentials and write (—1)" as e*'"". In the case of Theorem 4, g(t) is 
analytic at / = O, and we can replace integration along the real axis in 
(+) by integration around three sides of a small rectangle extending into 
the upper or lower half plane, according to which exponential is under 
consideration. The integral on the right of («) then becomes the sum of 
two terms which are “),e > 0, as z= —-+ and of four terms which 
are entire functions of order | and (small) type e«. Thus (—1)"{s,(0) — f(0) | 
= G(n) + I1(n), where G(z) is an entire function of order | and type 
less than mw, while //(x) = O(e asx > + If s,(0) —f(O) and s, 
— {(O) have the same sign, it follows that G(A,) = Ole withn < 
n + 1, and with the hypothesis of Theorem 4 we then havet G(x) = O(e‘*) 
asx — In particular, = O(e ‘") and so s,(0) — f(0) = 
and hence a, = O(e ‘”). 

The proof of Theorem 5 is much the same except that now we integrate 
p times by parts in the integral on the right of («) and use a theorem of 
Duflin and Schaeffer’ to deduce the order of G(x) from that of G(A,,). 

We turn now to the proof of Theorem 3. Let & be an integer greater 
than 2, € a positive number less than r/(2k). The function 


F(z) = sin‘ — 


where the product extends over all positive integers ” not of the form mk 
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| 
| 
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or mk + I, is an even entire function of order | and type p < a, which 
can be shown to be O(z~') as zs > © through real values; it is real on the 
real axis, and changes sign at all integers not of the form mk or mk + 1. 
By a theorem of Paley and Wiener,® 

F(z) = J,’ cos 2u h(u) du, 


where belongs to L*. Write = cos ' then 


Fin + '/2) = g(u) cos (n + sec ou du 
= (—1)" — u) sin (n + du. 


Thus (—1)"F(m + '/») is the mth partial sum of the Fourier series of the 
even function which is —rg(r — u) form — p <u < wand zero for0 
u<m-— p. Furthermore, (—1)"F(n + 2 when » is not a multiple 
of k, and so for a sequence of integers of density arbitrarily close to 1, 
if k is large enough. 

“On sait fort peu de choses sur l'approximation orientae dans les espaces fonctionnels 
réticulés’: Favard, J., ‘“‘Remarques sur l’approximation des fonctions continues,” 
Acta Sci. Math., Szeged, 12, part A, 101-104 (1950). 

2 Fejér, L., ‘“Gestaltliches tiber die Partialsummen und ihrer Mittelwerte bei der 
Fourierreihe und der Potenzreihe,"’ Z. angew. Math. u. Mech., 13, 80-88 (1983). 

* Levinson, N., Gap and Density Theorems, New York, 1940, chap. II. 

' Levinson, N., op. cit., chap. VII. 

®’ Duffin, R. J., and Schaeffer, A. C., “Power Series with Bounded Coefficients,” 
Am. J. Math., 67, 141-154 (1945). 

® Paley, R. E. A. C., and Wiener, N., Fourier Transforms in the Complex Domain, 
New York, 1934, p. 18. 


THE MATHEMATICS OF SECOND QUANTIZATION* 
By J. M. Cook 
I)EPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO 


Communicated by M. H. Stone, May 16, 1951 


In order to make a beginning on the problem of constructing a mathe- 
matically rigorous foundation for quantum field theory, we define the 
annihilation and creation operators and the particle- and field-observables 
as transformations on Hilbert space, and investigate their domains, 
adjoints, commutation relations, normality and other properties. The 
resulting formalism is given a physical interpretation which is illustrated 
by applications. 

The state of an elementary particle is represented by a point in the 
Hilbert space % and an observable by the operator A on W. Then the 
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state of a system of nm such particles is represented by a point in the tensor 


n 
product = Re ... @R and the observable by 


i=1 


@A*")~, where T~ is the closure! of 7. In field theory, § = > an” 


n 
is the state space? and Q(A) = @ ... the cor- 


n= 0 

responding observable. {2(A) exists when A is densely defined, closed and 
linear. It is defined to be O on 9’, the one-dimensional space of no- 
particle states. {2 preserves commutation, order and adjoint relations, 
and normality. If // is self-adjoint, then exp (22(/7))Q(A) exp (—712(/7)) = 
(exp (H)A exp (—i//)). Under certain conditions (e.g., when A and 
B are bounded), Q(aA + 6B) = (aQ(A) + 6Q(B))~ and Q({A, B]) = 
12(A), 2(B)|~ (where [A, B] = AB — BA). If P is a projection, the 
eigenvalues of Q(P) are the occupation numbers m of PR. In the cor- 
responding eigenstates, exactly m of the particles have the property P. 
With the spectral theorem, this gives us the standard energy expressions 
hY,w,N, except that there is no infinite null-point energy A2,a,/2 to be 
subtracted.’ A similar result holds for the null-point momentum, no 
artificial summation to zero being necessary. 

To every permutation in the symmetric group IIL, corresponds the 
unitary operator LU’, on defined by ... = 
These operators U’, generate a ring G, isomorphic to the group algebra of 


Il,. For G, € G, and @ « 8, we construct the densely defined, closed, 


linear transformations a(@) = (3° @G,,)(@@), w*(¢) = GG,*)) 


on where (¢@) maps into +” by ... = 
... The mapping w obeys the rules = w*(¢)*, = w*(¢), 
wlap + bp) = (aw(p) + bw(p))~, w*(ae + by) = (a*w*(h) + ~, 
exp exp = w(exp (—t/1)¢), exp (— )w*(o) exp 
(i2(17)) = w*(exp (—71/1)¢), ], = w(A®), and [Q(A), w*(o)|~ = 
—w*(A*p). The center of G,, is spanned by a set of orthogonal projections 
P, = U,/n! indexed by the characters 7 of II. The alternating 


@ 
and symmetric characters a, and s, give us the subspaces % = (5 @ P,,)& 
n= 0 


and S = (}°@P,,)§ of antisymmetric and symmetric wave-functions. 
0 


Setting G, equal to VnP,, or VnP,,, we get the creation operators 
w,(@) or w,(@) and annihilation operators w,*(¢) or w,*(@), on A or S 
(to which they must be restricted), for the Fermi-Dirac or Bose-Einstein 
cases, respectively. Both w,(@) and w,*(¢) are bounded: '|w,(@)|| = 
= The domains of w,(p) and w,*(¢) are the same as that 
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of V2 P\4)) (on S), where P;,) is the projection of % on the subspace 
spanned by @¢. 

If Yo we define to be the transformation on such that 
+ &(oy*); from which it follows, if = AB + BA, that 
[walh), wa*(W)]+ = = WL, and = 
w(W)]~ = [wa*(), wa*(W)|+ = = O. If is 
an orthonormal basis of Kt, then |w,(@,) | is irreducible on Yand |w,(¢,)} is 
irreducible on S. By purely formal manipulations it can be seen that 
corresponds to the expression? if w 
iS OF w,. 

The operators i(w,(@) — w.*(o))/Y2 and (w,(o) + are 
essentially self-adjoint,' so their closures p(@) and g(@) exist and are self- 
adjoint. The commutation relations g(W)|~ = = 
the standard ones when @ and y are elements of an orthonormal basis. 
Time-dependent commutation relations enable us to avoid the singular 
Dirac 6-function and the Jordan-Pauli invariant D-function. Field 
quantities have physical meaning only as averages over a region. Point- 
dependence introduces divergencies into the mathematics, so p and q 
here depend on elements of Hilbert space (as distributions with respect to 
which the averages are taken) rather than points of Euclidean 3-space 
Fk. The formalism is illustrated by a derivation of the Yukawa-potential, 
and by the following completely rigorizable, relativistically invariant, 
divergence-free (as far as it goes) derivation of Maxwell's equations: A 
photon is represented by in = where is a 4-dimensional 
Hilbert space. If k, = —th(0/On), ete., and k = +k? + ks? 
then the Hamiltonian is // =ck@/. The Lorentz group acts on time- 
dependent elements of by having exp (—(ite/h)k)d, for @ € 
transform like a scalar, and the orthonormal basis pi, ps, ps, ps of Ry trans- 
form contragrediently to x, y, c, ct. The four-vector wave-functions come 
in pairs, ¥ and y, as co- and contravariant components for the same par- 
ticle. Expectation values are written (Ay, vy). We restrict photons to 
be such that their covariant wave-functions must be in the subspace P 
of all = + + + € for which 
+ (0/Oy)d2 + (0/02); — = This eliminates the physical 
influence of longitudinal and scalar components from expectation values, 
and leaves only two effective polarization states. They are perpendicular 
to the direction of motion of the photon and have the desired spin proper- 
ties. Now let P(y) = i(w,() ~/V2 and = (w,(¥) + w*(p)) 
~/v/2. Then if @ € %o(/;) is a real-valued function on /; for taking 
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field-value averages, the covariant four-potential operators are A,(@) = 
hol Vil 'p@p,),1 = 1, 2, 3, and = hOVH 'b@ps). Averages over 
mutually space-like regions commute. The total energy of the field is 
— + Ax(s2) + Asg(ss) + where 51, 52, 53, 54 is any real, 
square-integrable, contravariant four-current density. Expectation values 


of (V-A — €°'(0/Ot)®)(p) are always zero (on photons), and ((J°4;)(@) 
= —c '(s, = 1, 2,3, = 6), So Maxwell's equations 
are satisfied. A photon is polarized parallel to its electric vector and per- 
pendicular to its magnetic vector both perpendicular to its momentum. 
Its energy satisfies Planck’s relation = hv, where v is the frequency of 
the induced field. 

*This note summarizes a longer paper submitted for publication elsewhere. It was 
written, with the continuing advice of Prof. I. E. Segal, for presentation to the Depart- 
ment of Mathematics of the University of Chicago in partial fulfillment of requirements 
for the Ph.D. Most of the work was done while under contract with the Office of Naval 
Research, 

Stone, M. H., Linear Transformations in Hilbert Space, Am. Math. Soc. Coll. Publ., 
XV, New York, 1932. 

2 Fock, V., Zeits. f. Phys., 75, 622-647 (1932). 

> Wentzel, G., Einfuhrung in die Quantentheorte der Wellenfelder, Franz Deuticke, 
Vienna, 1948. 


ON A CONJECTURE OF MURRAY AND VON NEUMANN 
By BENT FUGLEDE AND RICHARD V. KApISON* 
THe INSTITUTE FOR ADVANCED STUDY 


Communicated by John yon Neumann, April 7, 1951 


1. Introduction.\n this note the authors present a proof of a conjec- 
ture of F. J. Murray and J. v. Neumann! concerning normalcy of factors. 

A ring of operators? ® is said to be normal if each subring S of ® coincides 
with the set of operators in & each of which commutes with every operator 
in $’y, where 8’y is the ring of operators in ® each of which commutes with 
every operator in S$. In symbols, normaley requires that (8’q@)‘q = § 
for each subring 5 of (&. The center of a normal ring & consists of the 
operators a I, a complex (put $ = ie., Ris a factor. J. v. Neu- 
mann proved* that the factor 6 of all bounded operators is normal. The 
question of which factors are normal was raised by F. J. Murray and J. v. 
Neumann (R.O. I, p. 185). They showed that all factors in case I (the 
discrete case) are normal and exhibited examples of non-normal factors 
in case I] (the continuous case). Their later results establish the non- 
normalcy of each member of a restricted class of factors in case II, viz., 
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the approximately finite factors (ef. R.O. I, pp. 209, 229; and R.O. IV, 
Theorem XIV, p. 781, Lemma 5.2.3, p. 787). The presumption is that no 
factor in case II is normal (ef. R.O. I, p. 185). We shall show that this is 
actually the case, and, indeed, that one can choose a subfactor which violates 


the normalcy. 

The proof of the non-normalcy of factors in case II proceeds in four 
stages: a lemma concerning operators ‘‘almost in the center’ of a finite 
factor is proved; the existence of maximal approximately finite subfactors 
of a factor of type II, is established; it is then shown, for each non- 
approximately finite factor of type II,, that every maximal approximately 
finite subfactor violates normaley; and, finally, the case II, is reduced to 
the case 

2. Almost Central Operators. We note first a simple relation valid for 
functions on a locally compact group and reprove, as a special consequence 
of it, a result in R.O. [TV (Lemma 4.7.1). The purpose of this section is to 
establish the following extension of the cited result. 

THEOREM |. For a given € > 0, let the operator A in a factor M of type 
IT, (or I,,) satisfy the following conditions* 

(1) [[AX — XA]] < for all X in 
(11) 7(A) = 0. 
Then < «. 

LemMA |. Let G bea locally compact group and ¢ an integrable and square 
integrable function on G. Define ¢ ? = ¢(g)|%dg, where dg refers to 
left-invariant Ilaar measure on G. Introduce the translated functions ¢,: 
¢.(g) = o(s-'g), sinG. If foel(g)dg = then 


Sie 2.92) ds = 0. 


Hence, for some a and b in G, 


le — < < le — 


lle 
Proof. Since = 


— — 2? = -2Re SG dg. 


Defining ¢(g) to be g(g~'), the integral on the right side becomes the con- 
volution g*¢ at s; and 


ds = SGels) ds: foes) ds = 0. 


Lema 2 (cf. R.O. IV, Lemma 4.7.1). For a given «€ > 0, let a self- 
adjoint operator A ina factor Xi of typeI, (n = 1,2, ...) satisfy the following 
conditions 


(1) [[AX XA]] X forall Xin 
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(ii)  T(A) = 0. 


Then |{A]} < 

Proof. We can assume that 9 is the full ring ®, of linear transformations 
on n-dimensional unitary space, since algebraic * isomorphisms between 
and &, preserve trace’ and bound. Choose a basis é), é2, ..., €, consisting 
of mutually orthogonal unit eigenvectors for A. Then A = diag}, ds, 
Introduce the permutation matrices U, U*%, ... by U'e, = 
Where subscripts are read modulo Then U = diag 
Nowy oe» An-efs Since [[VB]] = [[B]] for arbitrary B, and unitary V, 
both in ON, we infer from (2) that [[AU* — L*A]}? = [[U“AUS — A]? = 


(i/n) > *<e*. In Lemma |, take G as the additive group of 
g=il 


integers modulo n, and let g(g) = A,. It follows, then, that 


n n 
= 20 /n) < — < for some s. 
s=1 g=1 
Proof of Theorem 1. \t suffices to prove that (2) and (i) imply [{A || 
< e/ V2 for A self-adjoint. In fact, for arbitrary A, write A; = (1/2) 
(A + A*), As = (1/21)(A — A*), and observe that 


= T(A*A) = [[Ai]]? + [[Ae]]? (since T(A;A2) = T(A2A))). 


Moreover, [[A,X — XA,]] < ¢{X/|, so that [[A,]] < «/W2, = 1,2; and 
thus {{[A]] < «. 

Given 6 > 0, one can determine real numbers A, and orthogonal spectral 
projections /,, k = 1, 2, ..., m, for the self-adjoint operator A such that 

m 

> & = J and 


k= 


k= 1 


Letc= > and choose an integer greater than (c/6)*. Express 
k= 1 


= 


each /, as a sum of orthogonal projections /,”’ in IN, all of relative di- 
mension |/, and a residual projection R, of dimension less than 1/n. Let 
m 
R= >> R,: then D(R) = r/n for some integer r less than n. Decompose R 
into a sum of r orthogonal projections P; in M, each of dimension 1/n, 


and define B = — Ry). Then 
k=l 
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Since the n projections /,” and P; are orthogonal, equivalent and have sum 
I, they lie in some subfactor N of IN, N of type J, (N consists of all linear 
combinations of the members of a system of m X m matrix units, in IM, 
based on the above n projections; cf. R.O. IV, $2.6). Note that B is in 
and that 


[[BX — XB]] < [|AX — XA]] + 2[[B — < + 48)|| 


for arbitrary Y in © and, a fortiori, in N. This same inequality obtains 
if B is altered by subtracting from it the central operator 7(B)-/. 

Since the trace and norm in IN, when restricted to MN, coincide with the 
trace and norm in XN, it follows, from the preceding lemma, that 


[[B — T(B)I]] < (e + 48)/V/2. 


From the Cauchy-Schwarz inequality, | T(X* Y)| < one ob- 
tains 


|T(B)| = |T(B — A)| < [|B — AIF < 25 


(recall that 7(A) = 0). The above inequalities imply that 
< — B]] + [[B — 7(B)I]} + | T(B)| < 25 + + 48)/V/2 + 25 


for arbitrarily small 6. Hence {{A]] < ¢//2 as asserted. 

3. Maximal Approximately Finite Factors.—-With the aid of Theorem 1, 
we are in a position to prove the key result. The proof is carried out by 
methods similar to those employed in R.O. [IV (Theorem XIII, p. 780) for 
the construction of approximately finite subfactors. 

2. Ina factor of type each infinite family of sub- 
factors which is simply ordered by inclusion, generates a subfactor @ of M, ¥ 
of type Il,. If, in addition, each &, is either approximately finite or in case I 
then & is approximately finite. 

Each factor of type IT, contains a subfactor which is maximal with respect 
to the property of being approximately finite. 

Proof. The set theoretical union § of all @, is a self-adjoint subalgebra of 
m. In R.O.1V (Theorem I, p. 728) it is shown that & is the closure of 5 in the 
metric topology on MM induced by the norm ‘‘{[{ ]]."’ We show that @ is a 
factor. In fact, let A be an operator in the center of &. Choose € positive 
and determine an operator B in some @, such that [[B — A]] <«. For 
each X in WM, in particular for XY in Ps, one has 


— T(B)I)X — X(B — T(B)I)}] = 

— A)X — X(B — A)]] < 
Applying Theorem 1, we see that [[B — 7(B)/|] < 2. Now | 7(B) ~ 
T(A)| < [[B — A]] < eso that 


| 
i= 
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[|A — 7(A)I}] < [[A — B]] + [[B — 7T(B)I}] + | T(B) T(A)| < 4c 


for arbitrary small «. Thus A = 7(A)J, and & is a factor. 

Since SM is finite, Y is of type II, (type J, is excluded, for & is infinite 
dimensional as a vector space). Under the additional assumption that 
each &, is approximately finite or in case I we can conclude that & is ap- 
proximately finite. In fact, given € > 0 and operators A), ..., A» in &, 
find B,, ..., B,, in some &, such that {{B,; — A;]] < €/2. Applying the 
criterion (A) (ef. R.O. IV, Definition 4.3.1, and Theorem XII, p. 778) for 
approximate finiteness, we determine Ci, ..., C,, in some case I subfactor 
of such that [[C,; — B,]] < «2. Then — < and @ is ap- 
proximately finite (now by criterion (B); R.O. IV, Definition 4.5.2). 

The last assertion of the theorem follows, now, from the fact that each 
factor of type II, contains an approximately finite subfactor (cf. R.O. IV, 
Theorem XIII, p. 780) and an application of Zorn’s Lemma. 

4. Non-normalcy in Case The following theorem contains the 
principal result of this note. 

TuHroreM 3. No factor in case Il is normal. If M is of type I], and not 
approximately finite, and @ is a maximal approximately finite subfactor of 
M, then Contains @ properly. 

Proof. Consider first the case where 0 is of type II;. The non-nor- 
maley of approximately finite factors was noted by F. J. Murray and J. v. 
Neumann, who proved that all approximately finite factors are algebrai- 
cally isomorphic (R.O. IV, Theorem XIV, p. 781) and exhibited specific 
approximately finite factors which are non-normal, and indeed have a sub- 
factor which violates normalcy (R.O. I, p. 209; and R.O. IV, Lemma 
5.2.3, p. 787). We may assume, therefore, that IM is not approximately 
finite and select, by Theorem 2, a maximal approximately finite (proper) 
subfactor 

The proof proceeds by contradiction. Indeed, suppose that (@’y;)'y, = 
G. This implies, in the first place, that @’o; is a factor. In fact, if A is 
in the center of A’, i.e., A €(Q@'m)'m (= @), then A belongs to the center, 
I } ,of @. the second place, the assumption that = @ implies 
that # fal}. Hence the factor contains a subfactor of type 
I,, for some n > 2 (ef. R.O. IV, Lemma 2.6.2). The ring ® generated by 
@ and M is an approximately finite subfactor of IN which contains @ 
properly, This follows (ef. R.O. I, §2;\ and R.O. IV, Lemma 4.8.2) from 
the fact that & is algebraically the Kronecker product of the approximately 
finite factor @ and the total matrix ring &, (note that IU commutes with 
@ and is algebraically isomorphic to ®,). An alternative proof is obtained 
by applying the criterion for approximate finiteness formulated as Defini- 
tion 4.1.1. in R.O. IV. The existence of such a @ violates the maximality 
of @, and we conclude that (@’s,) ‘9; contains @ properly. 
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It remains to establish the non-normalcy of factors of type II... Each 
such factor IW is representable as an infinite matrix ring over a factor & of 
type II, in the sense of a Kronecker product ? ® & (cf. R.O. IV, Theorem 
IX, p. 746). Let 2 be a subfactor of ® such that (9’»)’» 4 9. Then the 
subfactor, 9 ® ®, of IN, obtained by restricting the coefficients of the ma- 
trix representation of IW to Q, violates the normalcy of MW, as verified by a 
simple computation. This completes the proof. 

In conclusion we note that J. v. Neumann*® has established the existence 
of non-normal factors in case [II. The techniques applied in the present 
note do not, however, seem to yield further information in the case IIT situa- 
tion. 

* The second named author is a National Research Fellow. 

' Murray, F. J., and Neumann, J. v., “On Rings of Operators,”’ Ann. Math., 37, 116- 
229 (1936). We shall refer to this paper as R.O. I, and to the paper ‘On Rings of Opera- 
tors IV,” [bid., 44, 716-808 (1943), by the same authors, as R.O. IV. 

2A ring of operators”’ is a weakly closed, self-adjoint algebra of bounded, linear trans- 
formations on a Hilbert space, which contains the identity operator I. 

Neumann, J. v., ‘Zur Algebra der Funktionaloperatoren,"’ Math. Ann., 102, 370- 
427 (1929). 

4 We denote by ‘‘7(A)” the trace of the operator A and by “{{A}]"" the norm, 
(T(A*A))'/*, of A. Cf, Murray, F. J., and Neumann, J. v., “On Rings of Operators 
II,” Trans. Am. Math. Soc., 41, 208-248 (1937); see especially pp. 218, 219 and 241 for 
the properties of the trace and norm. 

For a matrix A = (a,j), = 1, My T(A) is the normalized trace (Zaj;,)/n, 
since T(J) = 1. Similarly [{A}]* = 

® Neumann, J. v., “On Rings of Operators III,”’ Ann. Math., 41, 94-161 (1940). See 
especially pp. 159-161. 


ON DETERMINANTS AND A PROPERTY OF THE TRACE IN 
FINITE FACTORS 


By Bent FUGLEDE AND RICHARD V. KaApIson* 
THE INSTITUTE FOR ADVANCED STUDY 
Communicated by M. H. Stone, May 16, 1951 


1. Introduction.—In this note the authors wish to outline a theory of 
determinants in a finite factor. This theory originated in an attempt to 
prove that the trace! of a generalized nilpotent operator is zero. The 
properties of the determinant, which we shall derive, will allow us to prove, 
more generally, that the trace of an arbitrary operator lies in the convex 
hull of its spectrum. 

There is no difficulty in proving that the trace of a proper nilpotent is 
zero or that the trace of a normal operator lies in the convex hull of its 
spectrum. For arbitrary finite matrices, this latter result is proved by 


| 
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passing to a superdiagonal form of the matrix. From this last remark we 
obtain the general result for operators in an approximately finite factor. 
These facts did not, however, enable us to deal with arbitrary factors of 
type II). 

In §2 we define the determinant on regular operators in a factor of 
type II,, and state the properties of this determinant. The proof that 
the trace lies in the convex hull of the spectrum is given in §3 as an ap- 
plication of the results of §2. The uniqueness of the determinant is 
noted in §4. The final section, §5, begins with the justification for con- 
sidering only positive-valued determinants. The paper concludes with a 
study of the possible extensions of the determinant to singular operators 
in the factor. 

The complete details of the theory outlined in this paper will appear in 
a subsequent publication. 

2. Definition and Properties of the Determinant.—Let ‘NM be a factor 
of type II), let 7 and D be the normalized trace and dimension function, 
respectively, in IW (ef. R.O. I and II), and let X be a regular operator 
(i.e., Y has a bounded inverse) in IN. Then X has a unique decomposi- 
tion of the form X = UJI, where U is unitary and J] = (X*X)'" is posi- 
tive and regular; (' and // both belong to M (ef. R.O. I, Lemma 4.4.1). 

Derinition: For X in mM, X regular, and I] = (X*X)'’, we introduce 
the notion of ‘determinant’ as follows:* 


A(X) = A(H) = exp{T(log H)| = exp| f° log MD(E,)], 


with Il = f° \dF,, the spectral representation of I. 

In particular, we note that A(/) = 1. 

We state without proof, in the following lemma, the most elementary 
properties of the determinant. 

Lemma |. The determinant satisfies the following relations: 


(1°) ACY) < for regular X. 

(2°) = |A| A(X), when \ Oand X is regular. 

(3°) A(exp A) = |exp T(A)| = exp Re T(A), for normal A. 
(4°) 


AI f(A)] = exp log | f(z)| dD(E,)], where A (= dE.) 


is normal and {(z) is continuous and non-zero on the spectrum of A. 


4° 


(5°) A(AB) = A(A)A(B), for normal, commuting, regular A and B. 

(6°) U2) = ACX), for unitary and and regular X. 

(7°) A(X*) = A(X) = [A(X*X)]"’, for regular X. 

(8°) A(X") = 1/A(X), for regular X. 

THeoreM |. The determinant has the following properties in addition 
to those listed in Lemma 1. 


(1°) A(X Y) = ACY) ACY), for arbitrary regular X and Y 
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A(exp A) = |exp T(A)| = exp ®e T(A), for arbitrary A in M. 

The determinant is continuous on regular elements in the uniform 
topology. 

AUT) > ACH) if Hy > H, > O and Hy is regular. 

A(X) does not exceed the spectral radius of X. 


We shall sketch the proof of this theorem in some detail, but first, how- 
ever, we state a lemma which is the basic tool for dealing with the non- 
commutative situation. The proof is based on the fact that 7(AB) = 
7(BA) and may be carried out by the methods of the theory of analytic 
functions on a Banach algebra. 

Lema 2. Let f(X) be analytic in a domain* A in the complex d-plane 
and let X(t),O< t< 1, bea differentiable family of operators in M such that 
the spectrum of each X(t) lies in A. Then f{|X(t)| is differentiable with 
respect to t, and‘ 


1 


where g(\) = df(d)/dyX and X'(t) = dX(t)/dt. 

We shall derive statements (1°) and (2°) of Theorem | from the follow- 
ing lemma: 

LemMa 3. is self-adjoint then 


A(exp A* exp Il exp A) = exp 1(A* + A) exp T(I1) 


for arbitrary A in M. 

Sketch of Proof? For 0 < t < | define X(t) = exp tA* exp II exp (tA. 
The function log \ is analytic on a fixed rectangle containing the spectrum 
of each X(t). Since X’(t) = A*X(t) + X(1)A, we conclude from Lemma 2 
that 


1 
log xo | = T[X(t)-'"A*X(t) + A] = T(A* + A) 


from which the asserted relation follows by integration from 0 to 1. 
Sketch of Proof of Theorem 1: Ad (1°). Write X = = 
with unitary and //, positive. Then 
A(XY) = = |" 
which reduces to A(Y)A(V) by application of Lemma 3 with A = A* = 


log Ih, H = 2 log 11,, and Lemma 1, (3°). 
Ad (2°). Put /7 = 0 in Lemma 3 and note that, by Lemma 1, (7°), 


Afexp A) = [A(exp A* exp A)}""*. 
Ad (3°). The continuity of the determinant is implied by the inequality: 


~ i 
(2°) 
(3°) 
, (4°) 
(5°) 

] 
| 

| 
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| a(v) — a(x)| < ||x-4] xi]. 


Ad (4°). One has I, ‘77,11, '" < I, so that, by Lemma 1, (1°), 
AU, < 1, and thus, by (1°), AU) < AUN). 
Ad (5°). By application of (1°) and Lemma 1, (1°), 


A(X) = [A(X")]'”" < ||x"||'" 


for all positive integers n, so that ACY) < lim) X")'’", the spectral radius 
of X. 

3. Location of the Trace. In this section we shall apply the theory 
sketched above to establish the following result. 

THeoreM 2. The trace 1(A) of an arbitrary operator A in M ts located 
in the convex hull of the spectrum of A. In particular, T(A) = O when A 
is a generalized nilpotent operator in M. 

Proof: It suffices to prove that 7(A) lies in each closed half plane II 
which contains the spectrum ¥ of A. We may even assume that II is 
the left half plane (Re A < 0). 

In order, now, to prove that Re 7(A) < 0 when ®Re LY < O, we introduce 
the regular operator exp A, whose spectrum is® exp 2, and hence lies in 
the unit disk. It follows from this remark, by Theorem 1, (2°) and (5°), 
that exp ®e 7(A) = A(exp A) < 1, and hence Re 7(A) < 0. 

As immediate consequences of this result, we have | T(A) |< r, the 
spectral radius of A; and 7(A) = Oif A ts generalized nilpotent. 

4. Uniqueness of the Determinant. this section we shall characterize 
the determinant in a factor IN of Type I], by means of some of the algebraic 
properties listed in §2. 

THEOREM 3. A numerically valued function A, which ts defined on the 
group of regular operators in a factor M of Type [1,, and which possesses the 
properties: 


= AWQX)AWY), for an arbitrary pair of regular operators 
X and JY, 

AW(X*) = A(X), for arbitrary regular X, 

Ai(Al) = A, for some positive 1, 

AWN) < Lif X < Land X regular, coincides with the determinant A 
defined in §2. 


The proof of this theorem proceeds by first showing that A,(Y) > 0 
and that it suffices to prove A,(/7) = A(//) for positive //. This is accom- 
plished by proving that the function 7\(A) = log A,(exp A), defined on 
self-adjoint A, possesses the properties of the trace. The theorem now 
follows from the uniqueness of the trace (ef. R.O. I, Theorem XIII, p. 
219). 

5. Related Questions. In this section we shall indicate the reasons 


428 
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(1°) 

(2°) | 
(3°) 
(4°) 

if. 
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which compel one to consider positive-valued determinants. We shall also 
discuss the possibilities of extending the determinant to the singular 
operators in SI. 

Concerning the first of these questions, it is natural to ask whether or 
not a notion of determinant can be developed which, in the finite-dimen- 
sional case, reduces to the usual determinant. In this connection, we 
are faced with the problem of constructing a non-trivial character, viz., 
the signum of the determinant, on the group of unitary operators in the 
factor. This character must satisfy certain additional conditions if the de- 
terminant theory is to be at all reasonable. The following theorem demon- 
strates the impossibility of constructing a character satisfying the barest 
minimum of such conditions. 

THEOREM 4. Jn a factor M of Type 11, or 1, (n > 2) there exists on My, 
the group of unitary operators in M, no character x with the property x(AU) = 
Ax(U’), for all X of modulus 1. 

If mM if not of Type I, n finite, then 1 is the only character in M, which is 
continuous in the uniform topology. 

Indication of Proof: ‘The first statement follows by considering the 
equivalent unitary operators and ¢U’, where = + +... + 
c"E,, 18 a primitive mth root of unity, and ..., are orthogonal, 
equivalent projections with sum /. 

The second statement follows by proving first that a uniformly continu- 
ous character is 1 on all unitary operators of the form Ak + Uo — &), 
where \| = | and £ isa projection in MN, and then noting that the group 
generated by such operators is uniformly dense in 31,. 

With regard to the question of extending the notion of determinant to 
the singular operators in WM, two different possibilities present themselves. 
On the one hand, guided by classical determinant theory, we can extend 
the determinant ‘‘algebraically’’ merely by requiring that it be zero on all 
singular operators in IN. On the other hand, we can extend the determi- 
nant in an analytical manner by maintaining the definition in §2 with the 
understanding that A(/7) = when log = — ©; in particular, 
A(T) = Oif has a nullspace. 

Except for continuity, both of these extensions preserve all the proper- 
ties of the determinant noted in §2 (with obvious modifications). The 
relation A(YY) = A(X)A(Y), for arbitrary X and Y in M, ts proved 
with the aid of the following lemmas, the first of which refers to the alge- 
braic extension, the second to the analytic extension. 

LemMa 4. In a factor © of Type I1,, the product of two operators is 
singular unless both operators are regular.’ 

Lemma 5. For the determinant A, extended to singular operators by 
application of the definition in $2, we have the following continuity properties: 


4 
7 
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lim 


(2°) AU) > AU) when Hy > Hy> 0. 


20 lim 
(3”) A(X,,) < A(X) when tends to X uniformly. 


4°) = AG) > Cond toll 


The inequality 
(+ &(K + + &(K + > HKH 


where // and K are positive operators, and e > 0, is employed in conjunc- 
tion with Lemma 5 to prove AUIJKH) = [A(//)|*A(K) for the analytic 
extension. This implies that A(YY) = A(XY)A(Y) for arbitrary regular 
X and Y. 

The two extensions, introduced above, are actually different from one 
another. In fact, let = where D(E,) = Then = 
1/e for the analytic extension, but A(//) = 0 for the algebraic extension. 

We state without proof the following additional facts concerning exten- 
sions of the determinant. 

Lemma 6. Jf A, is an arbitrary extension of the determinant from regular 
operators to all operators in M, and X is an arbitrary operator with a nulls pace, 
then A\(X) = O (in fact, we need only use that A(X VY) = A\(X) AY), and 

THEOREM 5. No extension of the determinant A from the regular operators 
to all operators in M, is continuous in the uniform topology. 

We observe, finally, that no determinant with properties (1°) — (4°) 
of Theorem 38 exists in an infinite factor. 

* The second named author is a National Research Fellow. 

! The term “‘trace”’ refers, throughout this note, to the normalized trace which takes 
the value 1 at the identity operator. For a complete account of the theory of factors, 
the reader is referred to the original papers on this subject: 

Murray, F. J., and Neumann, J. v., ‘On Rings of Operators,” Ann. Math., 37, 

116-229 (1936). 

Murray, F. J., and Neumann, J. v., ‘On Rings of Operators, II,” Trans. Am. 

Math. Soc., 41, 208-248 (1937). 

Neumann, J. v., “On Rings of Operators, III,’’ Ann. Math., 41, 94-161 (1940). 
Murray, F. J., and Neumann, J. v., “On Rings of Operators, IV,”’ /bid., 44, 716- 

808 (1943). 

In making reference to these papers, we shall use the abbreviation R.O. I, II, 

III, and IV. 

2 Throughout this note, “log’’ refers to the principal value of the logarithm. 

’ For our purposes, we need only deal with the simplest types of domains A, for 
example, rectangles; our considerations are valid, however, in much more general 
circumstances. 
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4 The formula obtained from that of this lemma by omitting the trace, 7, is not, in 
general, valid, as illustrated by the example f(A) = A’. 

5 The formal mechanism behind this lemma, and, in fact, behind the multiplicativity 
of the determinant is contained in the Campbell-Baker-Hausdorff formula (cf., for 
example, Baker, H. F., ‘“‘Alternants and Continuous Groups,” Proc. London Math. 
Soc. (2), 3, 24-47 (1905)) exp x exp y = exp z, where s = x + y + commutators (note 
that the trace of a commutator is zero). The convergence precaution necessary to 
apply this formula to our situation makes the approach we indicate as short, however, 
and preferable in the sense that it does not rely upon this algebraic result. 

6 Cf. Dunford, N., “Spectral Theory I. Convergence to Projections,” Trans. Am. 
Math. Soc., 54, 185-217 (1943). (See especially p. 195.) 

7 In an infinite factor, there are singular operators whose product is regular; for 
example, one can find U such that U*U = 7 but UU* = E, a projection different from 


A GENERALIZATION OF THE FROBENIUS RECIPROCITY 
THEOREM 


By F. I. MAUTNER 
DEPARTMENT OF MATHEMATICS, THE PENNSYLVANIA STATE COLLEGE 


Communicated by Hermann Weyl, May 17, 1951 


Let G be a locally compact topological group whose left-invariant Haar 
measure is also right invariant and A an arbitrary (but fixed) compact 
subgroup of G. Suppose we are given a continuous unitary representation 
u: k— u(k)(k € K) of the subgroup A in a Hilbert (or finite dimensional) 
space b over the complex numbers. Then we can construct a unitary 
representation L’ of G as follows: 

Consider those functions X (g) defined on G and with values in § for which 
the inner products (X(g), ¢,) are Haar measurable functions of g for each 
fixed m = 1, ..., dim b, and for some fixed complete orthonormal system 
¢1, $2, ... in the space §. Among such functions X(g) we consider only 
those for which 


|X)? = SG dg (1) 


is finite, where |X (g)| denotes the norm of X(g) as an element of 6 for 
each fixed g¢G. We restrict ourselves to only those functions Y(g) which 
satisfy also 


X(kg) = u(k)X(g) for all kk K and g (2) 


Clearly all such “Haar-measurable”’ vector valued functions X(g) which 
satisfy (1) and (2) form a linear space over the complex numbers, from 
which we obtain a Hilbert (or finite dimensional space) if we identify 
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functions X(g) which differ only on subsets of G of Haar measure zero and 
define an inner product (X, Y) in by 


(X,Y) = SG (X(g), Vig)) dg (3) 


where (X(g), ¥(g)) denotes for fixed g ¢ G the inner product in b. Now 
define for every y €G a linear transformation L(y) by 


(Uly)X)(g) = X(gy). (4) 


The transformation U/(y) is easily seen to be a unitary operator of the 
space 9 and the mapping LU: g — U(g) a (weakly and hence strongly) 
continuous unitary representation of the group G. We call LU the induced 
representation generated by u and write 


U = ind u or U= ind u (5) 


For finite groups this reduces to the classical definition of induced repre- 
sentation due to Frobenius. For an arbitrary locally compact group and 
a closed subgroup a definition has recently been given by Mackey.! It 
is easy to see that Mackey’s definition reduces to the above in the case 
where the subgroup A is compact which we shall assume throughout. 

Suppose for the moment that G is compact too. Then the representa- 
tion LU’ of G can be decomposed into a discrete (i.e., ordinary) direct sum 
Su), of irreducible finite dimensional pairwise inequivalent representa- 


tions 7, of G each occurring with multiplicity 4; This is a well-known 
consequence of the famous Peter-Weyl theory’ of compact groups. The 
classical Frobenius reciprocity theorem asserts in this case 


multiplicity of win M,(K) = yw; (6) 


where \/,(A) denotes the restriction of the representation 1/7, to the sub- 
group K. 

The problem arises whether this theorem can be generalized to the case 
where G is no longer compact. It is known* that L’ can still be decomposed 
into irreducible unitary representations in the sense of direct integrals. 
Therefore an analog of equation (6) can still be formulated, but can be 
shown to be false for certain infinite discrete groups.‘ However one can 
replace (6) by the following formulation which is equivalent to (6) in the 
classical case (G compact). Denote by L’, the repetition of 17), uw, times. 
Denote by W, the algebra of operators generated by the operators l’,(g) 
in the representation space , of U’,, and by W,’ the commuting algebra 
of W, in the space ,. Then the classical theory of linear algebra implies 
that (6) is equivalent to 


multiplicity of vin Uj(AK) = dim (W,’) (7) 


| 
| 
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whenever G is compact; here L’,(A) denotes the restriction of the representa- 
tion lL’, of G to the subgroup A and dim (W,,’) is the dimension of W,’ 
considered as a linear space over the complex numbers. This form (7) 
of the classical Frobenius reciprocity theorem can be generalized as fol- 
lows. Assume now that G is an arbitrary separable unimodular locally 
compact group. Then the above space § is easily seen to be separable. 
Hence we can apply the central decomposition of? to it. We obtain a 
direct integral decomposition 


H = (8) 


to which the center of the algebra generated by the l(g) belongs in the 
sense of reference 5. For each g ¢ G the operator l'(g) decomposes into 
an operator valued function L(g, ¢) which can for fixed g be changed 
arbitrarily on ¢-sets of measure zero. It is known® that one can choose for 
each g one such operator valued function U(g, ¢) and that there exists a 
continuous unitary representation |’, g —~ V,(g) of G in the space §, 
such that U(g, t) = V,(g) for g « N,: here N, is’ some subset of G of Haar 
measure zero, depending possibly on ¢. Then the following holds. 
Tueorem. Let G be a locally compact separable unimodular group and 
K an arbitrary compact subgroup of G. Let u: k — u(k) be a continuous 
irreducible (unitary) representation of the subgroup K. Perform the central 


decomposition (8) of the above space S under the operators of the induced 
representation Ll’ = ind u. Denote by V(K) the restriction of the above 
representation V, of G to the subgroup K, and by W,' the algebra of those 
bounded operators in S, which commute with V',(g) for every g €G. 

Assertion: 


Multiplicity of win V,(A) = dim (IW,,’) for almost every ¢. (9) 


There is some overlap between this theorem and the generalizations of 
the Frobenius reciprocity theorem recently obtained by Mackey.* The 
above assumptions under which our theorem holds are essentially different 
from the assumptions under which Mackey’s results hold. This suggests 
the possibility of a more general result which should contain both the 
above and Mackey’s results. Such a further generalization of the Fro- 
benius theorem seems to be a difficult problem which we cannot discuss at 
the moment. 

The above theorem can be applied for instance to the study of the rela- 
tion between the irreducible representations of a semisimple Lie group and 
those of a maximal compact subgroup. This and other applications will 
be given elsewhere. We shall now outline roughly the main steps of the 
proof of the theorem. It is not difficult to show that since AK is compact, 
the space § can be identified with a subspace of the space L.(G) of complex 
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valued square integrable function on G in such a manner that U(g) becomes 
identified with right translation by g in L,(G). Now the results of §7 
of UR II can be applied to the central decomposition of 1.(G). A study 
of how the subspace of L,(G) in question is affected by the central decom- 
position of L(G) will lead to the desired result. In particular let x(g) be 
a complex valued function on G which is both integrable and square 
integrable: x(g) « Li(G) mn L(G). Under the central decomposition of 
L(G) there corresponds to x(g) a certain vector valued function x(t). 
Since x(g) also defines a bounded operator on L.(G) (by means of convolu- 
tion) we also obtain an operator valued function, say X(t). It is important 
for the proof that it can be shown that the correspondence x(t) <—~ X(t) 
is one-one linear for almost every /, provided a suitable choice is made for 
the functions x(t) and X(t), and provided x(g) is suitably restricted. The 
restriction of this “‘natural’’ linear one-one mapping to the above image 
of $ in L,(G) is finally shown to give a one-one linear mapping between a 
certain subspace of the space , of (8) above and a dense linear subspace 
of the commuting algebra W,’. And from this the equality (9) can be 
shown to follow. A detailed proof will appear elsewhere. 

The following lemma, which is useful in this connection, may be stated 
explicitly. Let F(g) be a function defined on G whose value is for every 
g «Ga bounded operator of the space 6, such that the inner product 
(F(g)a, 6) is for any fixed pair of elements a, 6 of 6 a continuous function 
of g. Assume also that F(g) vanishes outside of a compact subset of G. 
Then the equation 


V(g) = (8X)(g) = dy (10) 


has meaning for every X(g) € 9 and is easily seen to define a bounded 
operator of into itself: = VY. We now have 

Lemma. The commuting algebra of the operators U(g) in the space 
is generated by those operators defined by (10) for which the function F(g) 
satisfies F(kgk') = u(k)F(g)u(k’) for all k, k’ ¢ K and all g €G. 

Remark: If the space b is one-dimensional then the functions F(g) are 
complex valued and generalize Gelfand’s spherical functions.’ In particular 
if u(k) = | for all k « K then we obtain exactly Gelfand’s spherical functions 
as a special case. 

We have remarked above that an analog of equation (6) need not be 
true if G is not compact. However, it can be shown that when the ring 
generated by the operators U/(g) is of type I then one can derive from the 
above theorem also a generalization of equation (6) to the case where G 
is non-compact. Thus we have here another instance of the great dif- 
ference in the behavior of unitary representations which generate rings of 
type I and those which do not. 


| 
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'“Imprimitivity for Representations of Locally Compact Groups I,"’ Proc. NATL. 
Acap. Sct., 35, 537-545 (1949). 

? Peter, F., and Weyl, H., “Die Vollstandigkeit der primitiven Darstellungen einer 
geschlossenen kontinuierlichen Gruppe,’ Math. Ann. 97, 737-755 (1927). 

‘Cf. Mautner, F. I., “Unitary Representations of Locally Compact Groups I,” 
Ann. Math., 51, 1-25 (1950), especially theorem 1.2, and “Unitary Representations of 
Locally Compact Groups II,"’ /bid., 52, 528-556 (1951), especially theorem 1.1. These 
two papers will be cited as UR I and UR II, respectively. 

4G. W. Mackey has decomposed the regular representation of certain discrete groups 
explicitly such that each irreducible component representation occurs with multiplicity 
one (oral communication of an unpublished result). 

5 Cf. von Neumann, J., ‘‘On Rings of Operators, Reduction Theory,” Ann. Math., 
50, 401-485 (1949), especially theorems IV and VII. 

® See theorem 1.1 of UR IT. 

7 If G is a connected Lie group then the stronger result holds that Nz can be taken 
to be empty. This is proved in ‘On the Decomposition of Unitary Representations 
of Lie Groups” which is to appear in Proc. Am. Math. Soc. 

5 Mackey, G. W., “‘Imprimitivite pour les representations des groupes localement 
compact II,” C. R. Ac. Sct. Paris, 230, 808-809 (1950), and “III,” pp. 908-909. 

® See Gelfand, “Spherical Functions in Symmetric Riemann Spaces,”’ Dokladi Acad. 
Nauk, 70, 5-8 (1950). Cf. also Harish-Chandra, ‘Representations of Semisimple Lie 
Groups on a Banach Space,"’ Proc. Nati. AcApb. Sct., 37, 170-1738 (1951). 


HEAT CONDUCTION ON RIEMANNIAN MANIFOLDS II; HEAT 
DISTRIBUTION ON COMPLEXES AND APPROXIMATION 
THEORY 


By A. N. MILGRAM AND P. C. ROSENBLOOM 
DEPARTMENT OF MATHEMATICS, SYRACUSE UNIVERSITY 
Communicated by Marston Morse, April 11, 1951 


In a preceding note,' hereafter denoted by H. C. I, the equation (1) 
Aa = 0a/Ot was discussed, for a an exterior differential form defined on 
a closed orientable Riemannian manifold V,, of class C’, r > 5, where the 
coefficients of a are functions of a parameter ¢. We described the method 
of construction of a double p-form J,(x, y, 1) called the fundamental solu- 
tion of (1). The form J,(x, y, t) is the analog for forms of the temperature 
distribution at time ¢ obtained by placing an infinite source with unit 
energy at the point y when ¢ = 0. It has the following properties: 

(1) If Tyaolx) = Sin Jp(x, y, Dao*(y), then is the solution at 
time ¢ of (1) such that lim 7a = a. This initial condition uniquely 


determines the solution of (1). 
(2) J, is of class C’~? for t > 0. 
(3) J,(x, +0) = Sin Jp(x, 2, s)J>*(z, y, 0) where the integration 
and * operation are performed with respect to the variable z. 
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(4) J,(x, y, t) is a solution of (1) for each y and t> 0. 

(5) J,(x, y, t) = Jp(y, x, 2). 

(6) d,J,(x, y, 1) = —b,Jp4ilx, y, 0). 

(7) J, — Ww, approaches zero uniformly as ¢ — 0, where w, is the para- 
metrix defined in H. C. I. 

Properties (1) and (2) were proved in H.C. 1. Property (3) follows from 
(1) and the semigroup property 7,,, = 7,7). This now implies property 
(4). Property (5) follows from the equation (7a, 8) = (a, 7,8) proved 
previously. Property (6) follows from (1) and the equations d7, = Td, 
67, = 7,6. Finally (7) follows from the integral equation satisfied by 
J,’ = Jp — Wy, namely, 


Jy'(x, y, t) = Sfo'(Liw,(x, 2, t — 1), wy (2, y, dr + So'(Liw,(x, 2, — 7), 
J,'(z, y, 7)) dr, 


where the integrations and differentiations are with respect to z and r. 
To each smooth singular p-chain C’ we associate a form 


T,C? == x, t), 


where the integration is with respect to y. The assoeiated form 7,C? is 
a solution of (1) analogous to the temperature distribution at the time ¢ 
resulting from a distribution of heat sources on C’ and zero temperature 
on the rest of the manifold at time 4 = 0. This mapping of chains into 
forms has the following properties: 

(a) (a, = a. 

TOC’ = 

(c) 7,C? = 0 for a fixed t > 0 if and only if C? = 0. We regard two 
chains C\’ and ©,’ as equal if Sowa = Sepa for all p-forms a of class 
C’. For chains in a given non-degenerate complex in V,, equality is the 
same as identity. 

(d) For any fixed ¢ > 0 and any fixed sequence of subdivisions of a 
given triangulation of VV’, such that the mesh approaches zero, the forms 
7,C’, where C’ ranges over all finite chains formed from simplexes in these 
subdivisions, are dense in the Hilbert space // of all forms a@ whose coeffi- 
cients are measurable and such that (a a*)* is integrable over V,. 

If A is any triangulation of V’,, and 


= 1 = 1, 


where the a,’ are the p-simplices of A, the scalar product of chains? is 
usually defined by the formula 


C,’-C,? = 


Actually, for most purposes, any definition of the form 


j 
| 
| 
| 
| 
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= 
j,k 
would serve equally well, provided only that the quadratic form gnurué 
be positive definite. Of course, the coboundary operator in this case 
should be taken as the adjoint of the boundary operator. For our purposes 
it is convenient to define the scalar preduct of chains by 


= (T,C,’, TC’), (2) 
so that 


This has the advantage that the scalar product of chains is invariant 
under subdivision of A, and has therefore a direct geometric meaning. 
The corresponding norm, C’ = + VCP-C? , measures not only the 
sizes of the coefficients of C? but also, in a sense, its p-dimensional volume. 
We note that in (2) the time f) > 0 is fixed and can be chosen equal to | for 
normalization purposes. If C? is different from zero in the sense of (c) 
then C’ > 0. 

It follows from (6) that if Z’ is a cycle, then 67,2’ = 0, i.e., 7, maps 
cycles into coclosed forms, and similarly it maps bounding cycles into 
coexact forms. 

Let Ay, Ay, ... be a sequence of subdivisions of a given triangulation 
of V,, with mesh approaching zero. Let B,’, B,’ ... form an orthonormal 
basis for the linear space of bounding cycles from all A, of the subdivisions 
{K,}. 

If @ is any form in //, its Fourier expansion P(a) = Yc,7\B,’, where 
c, = (a, 7\B,’), converges in the norm of //. Hence a = Pa + ¢ where 
¢ is orthogonal to 7\B’ for an arbitrary bounding cycle B’. By a direct 
application of Stokes’ theorem we see that 7\@ is closed for all ¢ > 0. 
Pa is a limit of coexact forms, hence 7,Pa is certainly coclosed. There- 
fore if a is coclosed, 7a is also and it follows that 7.@ is also coclosed. 
Thus 7°, is harmonic for all ¢ > 0, and consequently @ differs from 7)@ 
(which is independent of f) only on a set of measure 0, and therefore may 
be identified, in //, with a harmonic form, and Pa may be regarded as 
smooth. If @ is an arbitrary form in //, applying the same procedure 
to * and then starring the result demonstrates that each form a@ in // 
is expressible as the sum of a harmonic form and two forms in the closures 
in // of the exact and coexact forms, respectively. 

Noting from the decomposition theorem of DeRham (cf. H. C. I.) that 
there is a decomposition and that it is unique, we find that Pa is coexact 
if a is continuous, and (P¢@*)* is exact. We have thus shown that these 
Fourier expansions converge in the mean to continuous exact and coexact 
forms. Thus our procedure bridges the gap between finite complexes 
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and forms. We note that the coefficients c, and hence the chains 2c,B,’ 
are uniquely associated with Pa. 

Let us apply these results to 7\Z’ where Z’ is a non-bounding cycle. 
Then 7,2’ = P(Z’) + @ where ¢ is harmonic, and orthogonal to P(Z’). 
We have 


so that the period of ¢ on Z? will be different from zero if ¢ is not identically 
zero. Let Z"~* be an arbitrary n — p-cycle. 7,Z"~? is a coclosed form 
and therefore is orthogonal to 7,P(Z’)* since the latter is a limit of exact 
forms. Thus 


(T2"~*, o*) = (TL"~*, = y*, 20), 


where the subscripts x, y denote the variables with respect to which the 

integrations are performed. Using (7) above and examining the resulting 

integral as ¢ — 0, we find lim (7,Z"~’, $*) is equal to the intersection 


number of Z"~? and Z’. Since Z’ is a non-bounding cycle, there exists a 
Z"~” for which this intersection number is different from zero. Hence 
> ~ 0. 

Since Hodge has shown that a harmonic form whose periods are zero 
must be identically zero, we have: 

Turorem I. Jf HC’ = lim T,C?, then HC? is always a harmonic form. 


If Z\° ..., Z4° is a basis of p-cycles linearly independent with respect to 
homology in a fixed triangulation of V,, then I11Z,’, ..., HZ? is a linearly 
independent basis for all the harmonic p-forms. The period of HZ? will 
be different from zero on the cycle Z’. Here 8 = 8° is the pth Betti Number 
of V,. 

The notion of a heat distribution on a chain is related to the theory of 
currents developed by DeRham.* 7, is a smoothing operator which 
applies, in fact, to arbitrary currents, and provides a powerful tool for their 
investigation. We hope to develop this approach in a later paper. 


! These PROCEEDINGS, 37, 180-184 (1951). 

2 Lefschetz, S., Algebraic Topology (Am. Math. Society Colloquium Publications), 
New York, 1942. 

3 DeRham, “Notes on Lectures of Institute for Advanced Study,"’ 1940. 
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A GENERALIZATION OF HERMITE’S LAW OF RECIPROCITY 
By FRANcIs D. MURNAGHAN 
INsTITUTO TECHNOLOGICO DE AERONAUTICA, SAO José pos CAMPos, BRASIL 
Communicated May 23, 1951 


One of the fundamental results in the theory of homogeneous poly- 
nomial functions of two variables, i.e., binary forms, is Hermite's Law of 
Reciprocity which states that the number of invariants and covariants 
of degree m of a binary form of degree n is the same as the number of in- 
variants and covariants of degree n of a binary form of degree m. In the 
language of group representations this law states that the symmetrized 
Kronecker mth power I,” of the symmetrized Kronecker nth power I, 
of the two-dimensional linear group I’ is symmetric in m and n or, equiva- 
lently, that the “new product” {m}{ @ {mn} of the S-function {m} by the 
S-function {|} is symmetric in m and n for the two-dimensional linear 
group. Thus we may express Hermite’s law by saying that the binary 
analysis of {m} @ {n{ is the same as that of {nm} @ {m} and this implies 
that the one- and two-term brackets which appear in the analyses of {m} 
® {n} and of {n} @ {m} for the linear group of any dimension coincide. 
It is the purpose of the present paper to furnish a theorem of which Her- 
mite’s Law of Reciprocity is an immediate corollary and to indicate the 
usefulness of this theorem in the binary analysis of {m} @ {n|. We also 
furnish a companion theorem which enables us to obtain the binary 
analysis of {m} @ {1"{. The problem of analyzing {m| for the linear 
group of any dimension is facilitated if we consider simultaneously {m} ® 
jn} and {m}| {1"} or, equivalently, {1”} @ and {1"} @ {1"}. In 
fact the terms beginning with » in either |1"} @ {m} or {1} @ {1"} are 
obtained by prefixing to the terms of the analysis of {1"~ '| @ {m} or 
of {1"~ @ respectively. Since none of the terms of the analysis 
of {1"{ @ {3}, or of {1"} @ {1%}, begins with a number greater than 3 
the known binary analyses of {1"{ @ and of {1"{ @ furnish, 
by a recurrence method, without any labor the analyses of {1"} @ {3} 
and of {1”} @ {1%} or, equivalently, of {m{ @ {3} and of {m} @ {1%} 
for the linear group of any dimension. _ It is possible to procure in a similar 
manner the analyses of {m} ® {4{ and of {m} @ {1*} for the linear group 
of any dimension but the determination of the terms beginning with 3 in 
{1"} @ {4} and {1"} @ {1*} or, equivalently, of the three-term brackets 
in {m} @ {4} and {m} @ {1*} requires some calculation. 

The theorem of which Hermite’s Law of Reciprocity is an immediate 
consequence is as follows: [{m} @ {kj]{k — 1} = [{m + 1} @ {k -— 
1}]{m}. On setting k = m + 1 we obtain {m} @ {m+ 1} = {m+ 1} 
{m} and, on setting k = m + 2, we obtain [{m} @ {m + 2}||{m + 1} = 


| 
y 
4 
| 
, 


440 MATHEMATICS: F. D. MURNAGHAN Proc. N. A. S. 


[im + 1} @ {m+ 1} Jim} = + 2} @ |m}|{m + 1} so that {m} 
2} = |m+ 2} @ |m}. Continuing is this way we obtain @ {n} 
= {n| ® |m}{ which is Hermite’s law. In order to apply this theorem 
to calculate, for example, the binary analysis of t7] @ |3} we write [{7} @ 
= @ = [f16} + 414.2) + $12.4) + (10.6) + 
The (16) = {22.1} + ... + {16.7} and 
the product = = {27({19} + ... + {12.7}] = 
$21.2} + {20.3} + ... + YI. ‘Continang in this way we obtain 
[17] @ = + 2421.2) + 2420.3) + 3419.4) 4+ 
+ 4117.6} + 4116.7] + + 2413.10} + 412.11} 
and since fa, b} {2} = fa + 2, “ la+1,b+ 1} + fa, b + 2}, it fol- 
lows that {7} @ {3} = 119.2] + + 17.4) 4+ $16.5} + 
2{15.6) + {14.7} + {13.8} + {12.9}. 

The companion theorem which enables us to determine the binary 
analysis of @ {I"{is[{m} @ — 1} = 1} @ 
— + 1} @ {1* 7} + 1] + ({m + 1} @ — *}] [3m + 2} 

+ Thus to analyze {8{ {1*{, for ex- 
ample, we write @ {1°} = @ {174 ]{8} — {9} 417} + {26} 
+ $15.8} + $18.5} 7} — (9}{17} + 
{23.3} + {22.4} + 2{21.5} + 3419.7] + + 4417.9} + 
316.10} + 3415.11} + 414.12} + 4137} and obtain {8} @ = {21.3} 
+ {19.5} + {18.6} + {17.7} + [16.8] + + {13.11}. 

To calculate |m}{ @ {3{ we start with |1°} @ {3} whose binary analysis 
is {2717{ + J1®{. Since {1} @ {3} = [3] the terms beginning with 3 in 
{17} @ {3} are {37} and {17} @ {3} = {37} + [2717] + {1%}. Similarly 
@ = {318} + {2%} and so the terms beginning with 3 in @ 
{18} are + Thus the three-term brackets in {3} @ are 
527} + [471] and [3] @ = + [72] + [63] + [527] + [#1], 
{17} @ {13} being {3713} + [327] + {2513} + {271°} + {1°}. Thus the 
terms beginning with 3 in @ are + [3°24] + 
{32°19 + so that the three-term brackets in }4{ @ 1°} are {10.17} 
+ {S31} + + [5°2{. From the known binary analysis 


of {4{ @ }1*], the associate of the binary analysis of }1*{ @ }1°|, we obtain 
{4} @ = {10.17} + {93} + {S31} + + {741} + $637} 4+ [572]. 
Continuing in this way we obtain, for example, {8} @ {3} = [24) + 


$22.2} + {21.3} + {20.4} + $20.27} + {19.5} + {19.41} + 2}18.6} + 
{18.42} + $17.7} + {17.61} + {17.52} + 2416.8} + {16.71} + $16.62} + 
116.47 + {15.9} 4+ 15.81} + $15.72} + $15.63} + {14.10} + {14.91} + 
2414.82} + {14.64} + {13.10.1} + {13.83} + {13.74$ + {127} + 
$12.10.2} + {12.93} + {12.84} + {12.67} + {11.85} + {107.4} + {10.86} 
+ {8*}. 

We hope to publish the details of the analysis in the Anais da Academia 
Brasileira de Ciéncias and to show how to determine the (7 — 1)-term 


| 
H 
| 
/ 


Vou. 37, 1951 MATHEMATICS: F. D. MURNAGHAN 441 


brackets in the analysis of |m| @ {mn}, the analyses of {1" ~'| @ {nm} 
and of }1"~ '| @ {1"| being supposed previously determined. The rules 
for determining the (m — 2)-term, the (m — 3)-term and so on, brackets 
are progressively more difficult to apply and it seems better, in order to 
determine these, to use Littlewood’s' method. However, the knowledge 
of the n-term and (m — 1)-term brackets permits the ready determination, 
without false trials, of the (7 — 2)-term brackets. Once these are known 
the (7 — %)-term brackets are again easily determined, without false 
trials, and so on until we finish with the three-term brackets. 


1 Littlewood, D. E., Phil. Trans. Roy. Soc., Ser. A., 239, 305-365 (1944). 


THE DIMENSIONS OF THE IRREDUCIBLE REPRESENTATIONS 
OF A FINITE GROUP 


By Francis D. MURNAGHAN 
INSTITUTO TECNOLOGICO DE AERONAUTICA, SAO Jost pos CAMPOS, BRASIL 
Communicated April 14, 1951 


It is known that the dimension d of any irreducible representation of any 
finite group is a divisor of the order g of the group but the only proof of 
this result which has yet, so far as we know, been published is not, from an 
aesthetic point of view, satisfying. This proof shows first that g/d is a 
linear combination of algebraic integers, the coefficients of the linear com- 
bination being algebraic integers; hence g/d is an algebraic integer and so, 
being a rational number, it must be an ordinary integer. In the present 
note we improve this situation by furnishing the equation whose roots are 
the various numbers g*/d,? where d,, k = 1, 2, ..., p, are the dimensions 
of the various non-equivalent irreducible representations of the group. 
This is an algebraic equation of degree p with integral coefficients (the coef- 
ficient of the pth power of the unknown being unity). Hence each of the p 
numbers g*/d,’, k = 1, 2, ..., p, is an integer and this implies that each of 
the p numbers g/d,, k = 1, ..., p, is an integer. 

We denote by c, ..., ¢, the p distinct classes of the group (c, being the 
unit class) and we denote by C, ..., C, the p p X p matrices which furnish 
the law of class multiplication: 


p 
Ce = = j,k =1,...,p. 


Thus the matrices C,, ., C, have non-negative integral elements. We denote 
by Tr C the p X 1 matrix whose elements are Tr C\, ..., Tr C, and we con- 
struct the p X p matrix whose column matrices are C;* Tr C, ..., C_,* 
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Tr C (c_, being the class reciprocal to ¢, k = 2, ..., p). If my is the 
number of elements of the group in the class c,, g/n, is an integer which we 
denote by r,. Then g*/d,’, ..., g*/d,® are the characteristic numbers of 
the p X p matrix whose kth column is r,C_,* Tr C so that they are the 
roots of the characteristic equation of this matrix. For example, when G 
is the symmetric group S; of order 6, so that q = 1; @ = (23), (31), 
(12); cz = (123), (132), cae. = + 33, = = + C3 SO that 
0 38 0 0 
C, = Bs, G=il 
0 3 O l 


3 
Hence, Tr C = | 0 J and the 3 X 3 matrix whose column matrices are 
3 


c.* Tr G, OF Tr C and C_;* Tr Cis 

0 18 

3 
Since m, = 1, m2 = 3, m3 = 2 we have nr, = 6, 72 = 2, 73 = 3 and so g?/d,’, 
g?/dy*, g*/ds* are the characteristic numbers of the 3 X 3 matrix 


0 1 
4 O}. 
20 3 


We observe, in conclusion, that the p numbers g?/d,’, ..., g?/d,” are also 
the characteristic numbers of the symmetric p X p matrix obtained by 
multiplying, in turn, the rows and columns of the p X p matrix whose 
column matrices are C_,* Tr C,k = 1, ..., p, by 


For example, in the case where G is S;, this matrix is 


IS 0 9(2") 

0 36 

9(2) 0 27 
In general the unit characteristic vector of the group which corresponds to 
the irreducible representation of dimension d,, k = 1, ..., p, is a character- 
istic vector of this matrix which corresponds to the characteristic number 
g?/d,2. 


ig 0 9 
0 36 OF = ¢ 
IS O 27 
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APPROXIMATIONS EXCEEDING 1300 DECIMALS FORV3, 1/V3, 
SIN (4/3) AND DISTRIBUTION OF DIGITS IN THEM 


By Horace S. UHLER 
YALE UNIVERSITY 
Communicated by J. B. Whitehead, May 24, 1951 


This note is practically a sequel to an earlier communication! relating 
to V2 and 1/2. Hence acquaintance with the first paper will be as- 
sumed. The present investigation had two goals, namely (a) to extend 
appreciably our present approximations for 1/3 and 1/+/3, and (6) to 
make a brief statistical examination of the distribution of digits in these 
constants. 

Without reference to previous values the calculation of 1/3 was begun 
by the obvious long-hand method and terminated with the 35th decimal 
figure. This gave 35 antecedent zeros and 36 significant digits for the cor- 
responding value of 6. [See formulae (1), (2), (3) in the first note.| For 
the third approximation a was assigned 408 digits, i.e., 407 decimal figures. 
The associated value of 6 had 406 ante-zeros and 408 significant figures. 
N = 3. = (0.381835---) 10°, a6?/24 = (0.126264---) X 
10-84, 5a6°/432 = (0.463924---) & The data produced in the 
third and final stage of the work were checked with extreme care with 
auxiliary moduli, and by other devices. Finally the process of cross- 
multiplication? was applied to the first 1314 figures of the dedecimalized 
value of 1/3 and a continuous sequence of 1312 nines resulted. 

The newly computed values for 1/3, 1/+/3 and (\/3)/2 are given in 
table 1. [The omission of 1/+/2 from the earlier note and the inclusion 
of 1/+/3 in this place were made intentionally. | 

Table 2 presents the values of x,” and p,(= | — P,) for the three newly 
extended constants, and it corresponds to table 2 of the earlier note. Com- 
parison of the fifth columns of these tables brings out at once the striking 
contrast between the probability values for the reciprocals of +/2 and 
V3. For 1/2 most of the numbers are unusually small while the cor- 
responding data for 1/+/3 are large, especially at n = 200 and 300. The 
conjecture that the small values of p, for (/2)/2 may be due to division 
by 2 is refuted immediately by the steady large values (n > 600) in the 
seventh column of the present table 2. |The asterisks in the columns 
for x,” indicate that all subsequent meaningless figures have been omitted. | 

Many formulae for statistical probability are so constructed as to involve 
the squares of the deviations and hence they mask the signs and implica- 
tions of these differences. In the particular case of 1/+/2 and 1/+/3 the 
changes of the deviations by excess and deficiency seem to be interesting 
and perhaps instructive. For this reason table 3 is presented for inspec- 
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tion. The upper line of each double row refers to 1/+/2 and the lower 
line of the paired rows to 1/+/3. In 1/+/3 the consistently large defi- 
ciencies of 4 and the steady growth of 7 may be noted. In the special 
case of 1/4/3 there are 51 digits between the 922nd and 974th decimal 
places among which | does not occur. Also 4 is absent from the 53 decimal 
cells bounded by the 150th and 204th places. 

It seems appropriate to compare the final approximation to 1/3 made 
by J. M. Boorman® with the accurate value given here. On page 207 of 
the first volume of the Mathematical Magazine he stated that ‘‘Below is 
the corrected root which I believe to be true to at least 300 places of 
decimals, having made the revised compute with great care."’ Neverthe- 
less Boorman’s datum included 422 decimal figures of which the first 222 
are correct and the succeeding 200 digits constitute an error of excess. 


TABLE 1 

V3 = +1.7320 50807 
56887 72935 27446 34150 58723 66942 38103 80628 05580 
69794 51933-01690) 88000-37081 14618 48575 67562 61414 
15406 70302) 99699-45094 99895-24788 51209 43736 48528 
09323 19023 05582 06797 48201 01084 32650 15812 34326 
69033 22886 65067 22546-68921 47131 660386078615 
SSOLY 049908 65373 T9859 38946 76503 47506 57605 O7566 18348 
12060 61009 47602-18719 82952-39598 42997 78982 
45082 88714 46383 29173 47224 16398 45878 55397 66795 80638 
18353 66611 08431 73780) 89437-83161 02088 80552-49016 70023 
52071 11442-88695 99095) «63657 «97087 16849 80728) 99493-29648 
42830 20786 40860) 39887-88697 «53758-23173 «1783139599 29830 
07838 70287 70539-13869) 56331 21087-07264 01924 91067-68231 
19928 83756 «41141-42201. 67427 52102) 42708 31059 89845 
94759 87664-28889) 77961) 47887) 02288) 54852-90357 «60338 
52808 06438 19723 44661 05968 97228 72865 26415 38226 64698 
42002. 11954-84155) 2784411812) 86534-50703) 51916 50016-68929 
44154 80846-07127) 71439) 99762-92683) 46295-77488) 36189 1101 
27148 63874 69765 45982 45178 85509 75379 01388 06649 61911 
96222 29571 10555) 24292) 37231) «92197 73826) 25616 31468 84208 
28537 «16682. «93864 96119-17049) 73883) «95938814575 76718 
53373 63312 59108 9965542462 «4834787197 60523-59977 69192 
32357 02203) 05302) 84088) «59154-14971 07242-95592 06706 20250 
95201 75963 18587 27663) «59975-28366 34310 80150) 66585-37106 
47328 53862 59222 60582 2205104086) 80270-29750 47987 28079 
46165 81004 17052) 68194-00190) 95733) «46217-59488 «93670 24932 
04226 36981-24687) 20111-18526) 10842 68910 29972-03112 
O2100 


te 
oh & 


t 


+0.5773 50269 
18062-57645 09148-78050) :19574 «55647 26876 01860 
28264 83977 67280). 29333) 456938) 715389) 55857) 49525 2252087138 
05135 56767 66566 48364 99965 O8262 70551 83736 47912 16176 
03107 73007 68527-35599 16067-00361 55830-77550 0510411442 
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TABLE Continued 

23011 07628 388355 74182 22973 94599 04090 15710 55845-59538 
62673 01666 21791 26619 79648) 92167 82502-19201 72782 
70986 87003 «15867 395738) 01088) 61048) 6098413199 44332-59660 
81694 29571 48794. 48057) 82408) 0546615292) 85132-55598 60212 
72784 55587 02810-57926) 96479 27720 34029) 43517) 49672-23341 
17357 03814-29565 33031 99020) 05616 60242-99831 
809438 40262 13620 13295 79565 84586 O7724 39277 13199 T6610 
02612. 90095 90179-71128) 18777) 07012) 3575467308) 30855) 89410 
39976 27918 47400) 55809-17367) 45766 47569 43686 «63281 
98253 29221 2963 25987 15945 98613 O0762 84950 96785 
509386 02146 06574 48220) 35822) 99076) 24288 42138 46075 54899 
47334 03984 94718 42614 70604 28844 83567 83972 16672 22976 
48051 = 60282 02375 9047999920) 97561 15431 92479-45896 50867 
09049 54624-89921) 8199415059) 618386) 58459) 67129) 35549 87308 
98740 765283) 70185 08097) 45743 «97399-24608 75205) 4382294734 
42845 72227 64621) 65373) (05683) 24627) 87984986460 (0485858906 
17791 21104 19702 YOSS5 14154 16115 95732 53507 86659 23064 
10785 67401 OL767 61846 19718 =04990) 35747) 65197) 385568 73416 
98400 58654 39529 09221 19991 76122 11436 93383) 55528 45702 
15776 17954 19740) 86860) 74017) 013845 60090) 09916-82662 42698 
15388 60334 72350 89398) 00063-65244 48739-19812) 97890) 08310 
68075 63678 12327 08212) 40087) 06175) 56308) 
34033 


sin (7/3) = 0.8660 25405 
78443 86467) 63723) «1707529361 83471) 40262 69051) 90814-02790 
34897 25966 50845) 44000) 18540) 57309) 33786-24287) 83781) B0707 
07708 85151 49849 72547) 49947) 62394-05827) 75604 71868-24264 
04661 59511 52791 03398) 74100 5054233746) 16325) «07656 17168 
34516 61443 32583) 61273) 34460) 91898) 56138523565 83018 39307 
94009 52499 32686-89929) 69473) 38251) 73753) 28802) 5537838) 
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TABLE 2 


n xn? xn? 

100 8.6 5211 7.8 0.2414 
200 6. 2603 21.5 0.4956 
300 5.6 2241 17.46 (0). 2876 
400 4.45 1244 10.95 4. 0.0960 
500 8.04 4690 11.2 2931 
600 11.3 7427 13.06 4956 
700 11.4 7505 11.914. 77: 12.428» 7973 
800 10.275 6586 7.275 ( 10.05 6401 
900 10.62 6871 9.48 ; 11.6 7596 
1000 10.5 6771 9.78 6 12.64 8070 
1100 8.27 0) 4928 10.145 6 11.490 T5AT 
1200 9.46 0. 5922 11.55 WEYE 11.85 7710 
1300 8.215e 0.4870 9. 215« 11.2766 0.7408 


TABLE 3 


2 
+ 3 4 
3 
1 
4 


+141 


SNe 


5 3 
12 +12 
+2 4 306 
9 +4 9 +11 978 
—16 —11 +4 +12 1116 
+ 2 +14 —6 —10 466 
+4 +15 -13 +15 1386 
3 +19 -6 +1 -—8 -13 730 
+6 +14 —12 +13 1198 


1900 


one 


1100 


1200 


1300 


++ 


Beginning with the 223rd place the first fifteen figures of his error are 
28867 51345 94813. 
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v3 (V/3)/2 
picir 1 2 8 9 rb? 
1 +4-1 54 
0 4-3 -1 78 
; 1 0 0 68 
200 8 —6 — 5 430 
3-2 +2 54 
9-1 +1 18 
5 —3 438 
6 —-1 +3 78 
600 7 —2 560 
9 0 —3 = 144 
700 +6 +2 —-4 -8 +7 —7 —1 = 236 
- 7 —-20 +11 +4 +10 —9 +4 = 834 
800 +5 +4 -3 -5 +3 —4 162 
6 — 6 
1 
5 
4-4 
4 —15 
5 -4 
6 
6 5 
3-4 
10 —8 
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! These PROCEEDINGS, 37, 63-67 (1951). 
* Uhler, H. S., ‘‘Miscellaneous Hints for and Experiences in Computation,” Scripta 


Mathematica, 16, 31-42 (1950). 
8’ Boorman, J. Marcus. Square-Root Notes. The Mathematical Magazine, 1, 207, 
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THE RELATION OF ADRENAL HORMONES TO THE 
PATHOGENESIS OF EXPERIMENTAL NEPHRITIS 


By RicHARD W. LIPPMAN AND HELEN U. MartI 


INSTITUTE FOR MEDICAL RESEARCH, 
CEDARS OF LEBANON HospIraL, Los ANGELES, CALIFORNIA * 


Communicated by Linus Pauling, May 22, 1951 


Although antikidney serum was first studied by Lindemann! in 1900, 
Masugi’ first produced nephritis in rats by the administration of anti- 
kidney serum in 1931. Following Masugi, several other investigators have 
studied in some detail the pathogenesis of nephritis produced by anti- 
kidney serum in the rat, notably Smadel and his associates*~> and Hey- 
mann.® Consideration of the reported results impresses one with the 
variability of experimental nephritis produced by nephrotoxic sera. The 
administration of a given dose produced somewhat different diseases in the 
hands of each investigator, and this circumstance has been variously attrib- 
uted to the diet, the strain of rat, and other differences in the conditions. 

As part of a comprehensive study, we have investigated the variability 
of experimental nephritis as influenced by a change in one experimental 
condition, when all others are held constant. In this manner, we have 
investigated the effects of dose, route of administration, time intervals, 
and individual preparations. In the course of this investigation, effects 
were noted that could be correlated closely with certain manifestations of 
adrenal function, and these data are related here. 

Rabbit anti-rat-kidney serum was prepared by immunizing rabbits for a 
period of 4 months or more with a suspension of rat kidney tissue. This 
is the same preparation (NTG) which has been described briefly in a previ- 
ous paper.’ However, in this experiment the serum was adsorbed with a 
suspension of sheep erythrocytes to remove Forssman antibodies, but 
adsorption with rat erythrocytes was omitted. The antibody globulin 
was precipitated by one-third saturation with ammonium sulfate at pH 
7.8. This NTG was found by the Tiselius pattern to be composed entirely 
of y-globulin. The minimum serological activity was determined by a 
precipitin test with the soluble portion of the original antigen, and the 
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preparation was found to contain at least 6.5% precipitable antibody.“ 

In this experiment, 48 male rats of the Slonaker-Addis strain’ were used, 
and each weighed 150 g. at the start of the experiment, with a very small 
range of variation. The rats were divided into 4 groups of 12 each. 

Group I received a subcutaneous injection of y-globulin prepared from 
unimmunized rabbit serum (GC) (16.2 mg. total protein), 3 times a week 
for 4 weeks. 

Group II received a subcutaneous injection of NTG (16.2 mg. total pro- 
tein), 3 times a week for 4 weeks. 

Group III received GC injections on the same schedule as Group I, 
but also received on the same schedule a subcutaneous injection, at a dif- 
ferent location, of 2.5 mg. cortisone acetate’ in a volume of 0.10 ml. 

Group IV received NTG injections as in Group II and cortisone acetate 
injections as in Group III. 

During the 4 week duration of the experiment, all the groups were main- 
tained on the usual stock diet for our colony, which contains 17°; protein, 
0.48% sodium chloride and is given with water ad /ibitum. 

Exactly 4 weeks from the time injections were started, urine was col- 
lected for 4 hours. After this, the animals were killed by exsanguination 
from the abdominal aorta, while under light ether anesthesia. Many 
data were obtained that will not be reported here, but will be included in a 
final report of the completed, comprehensive study. The animals were 
weighed just before they were killed. Immediately after death, an autopsy 
was performed and weights of the following organs were measured: 
kidney, adrenal gland, heart. The organ weights were compared with the 
predicted weight for a normal rat of the same size.'° The presence of 
ascites was noted. Serum was examined for the presence of lipemia and 
this was rated from 0 to 4+. Creatinine was determined in the serum and 
urine by the method of Bonsnes and Taussky.'' Total protein was deter- 
mined in the serum and urine by the method of Kingsley.'’ The neutral 
reducing lipid excretion was determined by the method of Heard and 
Sobel.'*! 

In each of the Groups I and ITI, injected with the control globulin prep- 
aration GC, the animals were uniform in their characteristics and, there- 
fore, were grouped together for a single mean value. By contrast, in 
Groups II and IV, the animals with nephritis were highly variable in their 
individual manifestations and they were divided into three subgroups ac- 
cording to the increment in kidney weight: Subgroup A included those 
animals with less than a 10°) grain over the predicted kidney weight; 
Subgroup B included those with a 10 to 50°) gain over the predicted 
weight; Subgroup C included those with more than a 50°% gain over the 
predicted weight. Mean values were calculated for each subgroup, in 
addition to the grand mean of each group as a whole. 
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It can be seen in table | that Group II, when compared with its control 
Group I, had a large increase in kidney weight and adrenal weight, with 
some increase in heart weight, lipemia and (in one animal) ascites. 

In table 2 it is seen that injections of NTG (Group II) produced a pro- 
teinuria of considerable magnitude, a diminution in the serum protein 
concentration and the endogenous creatinine clearance, and an increase in 
the urinary excretion of neutral reducing lipid. When the animals were 
subgrouped from A to C, as described, the increase in adrenal size and 
(with one exception) of neutral reducing lipid excretion followed in the 
same progression. 

The injection of cortisone (Group III) was associated with a reduced rate 
of growth, reduced size of the adrenal gland, a small comparative increase 


TABLE 1 


Errect oF NTG AND CorRTISONE ADMINISTRATION ON ORGANS OF MALE Rats 
or 
© 
CHANGE CHANGE CHANGE 
FROM FROM FROM 
PINAL PREDICT PREDICT- PREDICT- 
BODY ABLE ABLE ABLE NO 
NO. SUR- Wiis KIDNEY ADRENAL HEART with Lip- 
DIED VIVED G wrt wrt wt ASCITES EMIA 


GC 0 12 218 +3 +20 +2 


NTG 228 +5 +36 +6 
NTG é 207 +17 +62 +15 
€ NTG K 194 +152 +21 
Mean NTG 2 211 +78 +13 
Ill GC + Cort. +7 
IV 
A NTG + Cort. 
B NTG + Cort. f 179 +23 —-15 +6 
Cc NTG + Cort. 159 +93 -4 +19 d ++ 
Mean NTG + Cort. 167 + 58 —10 +12 , ++ 


in kidney weight, a rise in the total serum protein concentration, and a fall 
in the endogenous creatinine clearance. These effects are consistent with 
-those observed by Antopol in the mouse’ and others. The increased size 
of the kidney may well be related to increased urea excretion and osmotic 
work of the kidney as the result of metabolic changes associated with the 
reduced rate of growth. 

The injection of cortisone with NTG (Group IV) produced changes 
similar to those seen in Group II, with the exception of diminished adrenal 
size. The excretion of neutral reducing lipid was not determined in 
Groups III and IV. However, in Group IV all the animals fell into sub- 
groups B and C, which were associated in Group II with increased adrenal 


size and neutral reducing lipid excretion. 
In a recent study, Knowlton and her associates" found that adminis- 
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tration of cortisone to rats that had been given 3 intravenous injections of 
nephrotoxic serum on successive days produced a moderate hypertension 
after 4 weeks. They were concerned with the prevention of nephritis and 
did not evaluate proteinuria, adrenal function, or renal function. Hackel 
and associates" similarly found that neither ACTH nor cortisone prevented 
the development of nephritis after 2 intravenous injections of nephrotoxic 
serum on successive days. Hackel's experiment, which lasted only 4 days, 
showed the formation of edema and ascites when ACTH or cortisone was 
administered with nephrotoxic serum. His table indicates the possible 
increase in the severity of lesions observed on histologic examination, 
but no conclusions were drawn from these observations. 


TABLE 2 


Errect or NTG ANp CoRTISONE ADMINISTRATION ON RENAL FUNCTIONS AND SERUM 
PROTEIN CONCENTRATION OF MALE Rats 


URINARY 
EXCRETION 
URINARY SERUM ENDOGENOUS OF NEUTRAL 
PROTEIN PROTEIN CREATININE REDUCING 
EXCRETION CONCEN- CLEARANCE, LIPID, 
MG /24 TRATION, ML. /MIN./ 7/24 
ues /100 G. G. % 100 6. urs. /100 G, 


12 5.81 0.484 29.4 


0.536 59.7 
464 120.5 


NTG 
NTG 


94.9 


NTG 
GC + Cort. 


4. 
4. 
NTG 3. 104.6 
4. 
6. 


NTG + Cort. 

NTG + Cort. 138 5.09 0.340 
NTG + Cort. 334 4.07 0.271 
NTG + Cort. 236 4.58 0.306 


Our results indicate that the effect of a given dose of nephrotoxic anti- 
body is modified in its manifestations by the level of adrenal function, as 
indicated by the adrenal size and neutral reducing lipid excretion. In 
addition, the effects of nephrotoxic antibody may be altered exogenously 
by the administration of cortisone, in the same direction that would be 
anticipated, from the initial observations, to be associated with increased 
adrenal function. These results immediately suggest that the variable 
manifestations of nephritis and nephrosis in human subjects may be 
related to variable levels of adrenal cortical or other hormonal function. 
This idea is consistent with the report of Deming and Luetscher'* that the 
urine of patients with nephrotic edema may contain a DOCA-like material, 
and with the observations of Luetscher and Deming" concerning the ef- 
fects of cortisone upon patients with the nephrotic syndrome. 


F 
\s 
GROUP MENT 
GC 
II 
A 
B 
Mean 
Ill 
IV 
A 
B 
Cc 
Mean 
i 
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In other preliminary experiments, we have studied the effect of cortisone 
administration upon the nephritis produced after a single intravenous injec- 
tion of NTG. Cortisone administration was initiated 48 hours after the 
NTG injection and, in the light of Pressman’s work” which showed that anti- 
bodies to mouse kidney are cleared from the circulation within 18 minutes 
after intravenous injection, our data would seem to weigh against the 
possibility that cortisone could act in these experiments by affecting the 
formation of antibody or the antigen-antibody reaction itself. 


* This work was aided by a grant from the National Heart Institute, of the National 
Institutes of Health (H 132 C2), and by a grant from Ciba Pharmaceutical Products, 
Inc., Summit, N. J. The authors are grateful for the technical assistance of E. Elmo 
Jacobs and Ruth Taniguchi. Dr. Lippman is a Fellow of the John Simon Guggenheim 
Memorial Foundation. 
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ON THE GREEN'S FUNCTIONS OF QUANTIZED FIELDS. I 
By JULIAN SCHWINGER 
HARVARD UNIVERSITY 
Communicated May 22, 1951 


The temporal development of quantized fields, in its particle aspect, 
is described by propagation functions, or Green's functions. The con- 
struction of these functions for coupled fields is usually considered from the 
viewpoint of perturbation theory. Although the latter may be resorted 
to for detailed calculations, it is desirable to avoid founding the formal 
theory of the Green's functions on the restricted basis provided by the 
assumption of expandability in powers of coupling constants. These 
notes are a preliminary account of a general theory of Green’s functions, 
in which the defining property is taken to be the representation of the fields 
of prescribed sources. 

We employ a quantum dynamical principle for fields which has been 
described elsewhere.' This principle is a differential characterization of 
the function that produces a transformation from eigenvalues of a com- 
plete set of commuting operators on one space-like surface to eigenvalues 
of another set on a different surface,’ 


Here £ is the Lagrange function operator of the system. For the example 
of coupled Dirac and Maxwell fields, with external sources for each field, 
the Lagrange function may be taken as 


£= yu(—10u — + my) + + 


which implies the equations of motion 


yul—10u — + my = n, 
Fu» = OuA » OvA u, OvF = Jus + ju, 


where 
e'/2[¥, 


With regard to commutation relations, we need only note the anticom- 
mutativity of the source spinors with the Dirac field components. 

We shall restrict our attention to changes in the transformation function 
that arise from variations of the external sources. In terms of the nota- 
tion 


o2) = exp iW, 
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the dynamical principle can then be written 
aw = (6) 
where 
(6L(x)) = (P(x) + + (7) 
The effect of a second, independent variation is described by 
= i — (6.2(x))(6’ e(x’))], (8) 


in which the notation ( ), indicates temporal ordering of the operators. 
As examples we have 


and 
= (dx’) (W(x) Aulx’)) — u(x’). (10) 
The latter result can be expressed in the notation 
— i(6/6J u(x’) (W(x)) = (W(x) Aulx’)) 4) — CD) 


although one may supplement the right side with an arbitrary gradient. 
This consequence of the charge conservation condition, Ou/. = 0, cor- 
responds to the gauge invariance of the theory. 

A Green's function for the Dirac field, in the absence of an actual spinor 
source, is defined by 


= (dx’)G(x, x’ )in(x’). (12) 
According to (9), and the anticommutativity of dn(x’) with Y(v), we have 


G(x, x’) = x’), (13) 


where x’) = — xX) — Xo’). On combining the differential 
equation for (Y(x)) with (11), we obtain the functional differential equation 


[yu(—i0u — e(Au(x)) + 1€6/6Su(x)) + m|G(x, x’) = 6(x — x’). (14) 


An accompanying equation for (A,(x)) is obtained by noting that 
(ju(x)) = te tr yuG(x, (15) 


in which the trace refers to the spinor indices, and an average is to be taken 
of the forms obtained with x’ — x) + 0. Thus, with the special choice 
of gauge, 0A.(x)) = 0, we have 

= Ju(x) + te tr yuG(x, x). (16) 


The simultaneous equations (14) and (16) provide a rigorous description 
of G(x, x’) and (Aufx)). 
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A Maxwell field Green's function is defined by 


Gurl(x, x’) = (6/6 Ax") )(Aulx)) = (6/6Su(x))(A(x’)) = 
4) — (17) 


The differential equations obtained from (16) and the gauge condition are 


—O’Gurl(x, x’) = — x’) + tr +(x’) )G(x, x), 
OnGur(x, x’) = (= Ovx). (18) 


More complicated Green's functions can be discussed in an analogous 
manner. The Dirac field Green's function defined by 


(dx!) (dx2! )G( x1, X25 x1", (19) 


may be called a ‘two-particle’ Green's function, as distinguished from 
the ‘‘one-particle’’ G(x, x’). It is given explicitly by 


€ = €(X1, Xe" Xo’). (20) 


This function is antisymmetrical with respect to the interchange of x; and 
x, and of x,’ and x,’ (including the suppressed spinor indices). It obeys 
the differential equation 


where ¥ is the functional differential operator of (14). More symmetri- 
cally written, this equation reads 


5(x1 — X2')8(x2 — xy’), (22) 


in which the two differential operators are commutative. 

The replacement of the Dirac field by a Kemmer field involves altera- 
tions beyond those implied by the change in statistics. Not all components 
of the Kemmer field are dynamically independent. Thus, if 0 refers to 
some arbitrary time-like direction, we have 


— = (1 — Bo®)n — — 
k = 1,2,3, (23) 


which is an equation of constraint expressing (1 — §)?)y in terms of the 
independent field components §’f, and of the external source. Accord- 
ingly, in computing 6,(~(x)) we must take into account the change in- 
duced in (1 — B”)¥(x), whence 


G(x, x’) = (W(x) 4) + (1/m)(1 — Bo2)6(x — x’). (24) 


The temporal ordering is with respect to the arbitrary time-like direction. 


whe? 
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The Green's function is independent of this direction, however, and 
satisfies equations which are of the same form as (14) and (16), save for a 
sign change in the last term of the latter equation which arises from the 
different statistics associated with the integral spin field. 


1 Schwinger, J., Phys. Rev., June 15, 1951 issue 
? We employ units in which h = ¢ = 1. 


ON THE GREEN'S FUNCTIONS OF QUANTIZED FIELDS. II 
By JULIAN SCHWINGER 
HARVARD UNIVERSITY 


Communicated May 22, 1951 


In all of the work of the preceding note there has been no explicit refer- 
ence to the particular states on o; and o» that enter in the definitions of the 
Green's functions. This information must be contained in boundary 
conditions that supplement the differential equations. We shall deter- 
mine these boundary conditions for the Green’s functions associated with 
vacuum states on both o; and o,.. The vacuum, as the lowest energy state 
of the system, can be defined only if, in the neighborhood of o; and a, 
the actual external electromagnetic field is constant in some time-like 
direction (which need not be the same for a; and oy). In the Dirac one- 
particle Green’s function, for example, 


G(x, x’) = x0 > Xo’, 

W(x)), Xo < (25) 
the temporal variation of ¥(«) in the vicinity of 0, can then be represented 
by 

¥(x) = exp [tPo(xo — Xo) exp [—iPo(xe — Xo)], (26) 
where P, is the energy operator and X is some fixed point. Therefore, 

x ~ 01: G(x, x’) = W(X) exp [—1(Po — (x0 — Xo) W(x’)), (27) 
in which P,‘“ is the vacuum energy eigenvalue. Now Py — P,““ has no 
negative eigenvalues, and accordingly G(x, x’), as a function of xy in the 
vicinity of o;, contains only positive frequencies, which are energy values 
for states of unit positive charge. The statement is true of every time- 


like direction, if the external field vanishes in this neighborhood. 
A representation similar to (26) for the vicinity of o» yields 


~ a2: G(x, x’) = exp — (x9 — Xo) |W(X)), (28) 
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which contains only negative frequencies. In absolute value, these are 
the energies of unit negative charge states. We thus encounter Green's 
functions that obey the temporal analog of the boundary condition char- 
acteristic of a source radiating into space.' In keeping with this analogy, 
such Green's functions can be derived from a retarded proper time Green's 
function by a Fourier decomposition with respect to the mass. 

The boundary condition that characterizes the Green's functions associ- 
ated with vacuum states on o; and o» involves these surfaces only to the 
extent that they must be in the region of outgoing waves. Accordingly, 
the domain of these functions may conveniently be taken as the entire 
four-dimensional space. Thus, if the Green's function G ,(x, x’), defined 
by (14), (16), and the outgoing wave boundary condition, is represented 
by the integro-differential equation, 


—10n — €A yu(x))Gy(x, x’) + 
S (dx") M(x, x")G4(x", x’) = — x’), (29) 


the integration is to be extended over all space-time. This equation can 
be more compactly written as 


ly(p — eA4) + MIG, = 1, (30) 


by regarding the space-time coordinates as matrix indices. The mass 
operator J/ is then symbolically defined by 


MG, = mG, + tey(6/6S)G,. (31) 
In these formulae, A , and 6 6/ are considered to be diagonal matrices, 
(x| A x’) = B(x — (32) 


There is some advantage, however, in introducing ‘“‘photon coordinates” 
explicitly (while continuing to employ matrix notation for the “‘particle 
coordinates”). Thus 


yA, > S (dé) (33) 


where y(£) is defined by 


(x| = — — x’). 


The differential equation for A ,(é) can then be written 
—0,°A = J(E) + te Tr [y(8)G4], (35) 


where Tr denotes diagonal summation with respect to spinor indices and 
particle coordinates. The associated photon Green's function differential 
equation is 


—O°G = — &') + te Tr 4]. (36) 


(34) 
| 
i 
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To express the variational derivatives that occur in (31) and (36) we 
introduce an auxiliary quantity defined by 


= —(6/6eA 
= — (6/6eA ,(&)) M. 


(ENG, = ef (dENG V(ENG LG &), 
from which we obtain 
M = m + ie? f (dé) (dt) (39) 
and 


With the introduction of matrix notation for the photon coordinates, this 
Green's function equation becomes 


+ = [Ey Bel = (41) 


and the polarization operator P is given by 


P = Tr [yG,TG,]. 


In this notation, the mass operator expression reads 
M =m + te? Tp (43) 


where Tp denotes diagonal summation with respect to the photon coordi- 
nates, including the vector indices. 
The two-particle Green's function 


G4(x1, Xe’) = X2| x1’, x2’), 
can be represented by the integro-differential equation 


+ M)ilyr + — = lye, 
— p eA +) (45) 


thereby introducing the interaction operator J). The unit operator |,» is 
defined by the matrix representation 


(x4, X2| x1’, Xo") = x1’ Xo") 
— — x1’). (46) 


On comparison with (21) we find that the interaction operator can be 
characterized symbolically by 


Thus 

(42) 
(44) 

| 
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= —1e? — te? Tel y2G26/6S (47) 
where G; and G, are the one-particle Green’s functions of the indicated 
particle coordinates. 

The various operators that enter in the Green’s function equations, the 
mass operator 7, the polarization operator P, the interaction operator 
J», can be constructed by successive approximation. Thus, in the first 
approximation, 


M(x, x’) = mi(x — x’) + x’) x’), 
P, Ag = —te? tr[wG &)I, 
I (x1, X23 Xo!) = — (x1, X2)(X1, x1’, x2’), (48) 


Gurl és 5, +(&, t’), (49) 


and the Green's functions that appear in these formulae refer to the Oth 
approximation (JJ = m, P = 0). We also have, in the first approxima- 
tion, 


x, x") = yud(E — — x’) 
(x) x’) 4(x, x) (50) 


Perturbation theory, as applied in this manner, must not be confused with 
the expansion of the Green's functions in powers of the charge. The 
latter procedure is restricted to the treatment of scattering problems. 

The solutions of the homogeneous Green's function equations constitute 
the wave functions that describe the various states of the system. Thus, 
we have the one-particle wave equation 


(yr + M)y = 0, (51) 
and the two particle wave equation 
M)\(yr + M). — = (), (52) 


which are applicable equally to the discussion of scattering and to the 
properties of bound states. In particular, the total energy and momentum 
eigenfunctions of two particles in isolated interaction are obtained as the 
solutions of (52) which are eigenfunctions for a common displacement of 
the two space-time coordinates. It is necessary to recognize, however, 
that the mass operator, for example, can be largely represented in its effect 
by an alteration in the mass constant and by a seale change of the Green's 
function. Similarly, the major effect of the polarization operator is to 
multiply the photon Green's function by a factor, which everywhere 
appears associated with the charge. It is only after these renormaliza- 


| 
15% | 
where 
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tions have been performed that we deal with wave equations that involve 
the empirical mass and charge, and are thus of immediate physical ap- 
plicability. 

The details of this theory will be published elsewhere, in a series of 
articles entitled ‘““The Theory of Quantized Fields.”’ 


' Green’s functions of this variety have been discussed by Stueckelberg, E. C. G., 
Helv. Phys. Acta, 19, 242 (1946), and by Feynman, R. P., Phys. Rev., 76, 749 (1949). 


DISTRIBUTION OF MASS IN SALIVARY GLAND 
CHROMOSOMES 


By A. ENGStTROM* AND F. Rucnut 
DEPARTMENT FOR CELL RESEARCH, KAROLINSKA INSTITUTET STOCKHOLM 
Communicated by C. W. Metz, May 15, 1951 


The measurement of the absorption of soft x-rays, 8 to 12 A in wave- 
length, in biological structures makes it possible to determine the total 
mass (dry weight) per unit area of cytologically defined areas in a biological 
sample. Knowing the thickness of the sample or structure being analyzed 
the percentage of dry substance can be estimated. For theoretical and 
technical details see Engstrém! 1950. 

Dry substance is an accurate basis upon which to express the results 
obtained with other cytochemical techniques, e.g., the amount of specifi- 
cally absorbing, ultra-violet or visible, substances. 

The present investigation is an attempt to determine the dry weight 
(mass) of the different bands in the giant chromosomes from the cells in 
the larval salivary glands of the fly Chironomus. The structures to be 
observed, however, are just on the border of the resolving power of the 
x-ray technique for the determination of mass. The results reported, 
therefore, must be interpreted with care. 

The specimen intended for x-ray investigation is mounted on a collodion 
film circa 0.5 micron thick. This film supports the object in the sample 
holder, a brass disk with a slit about 6 mm. long and 0.5 mm. wide. In 
the first experiments salivary glands from Chironomus were isolated on a 
microscope slide and the chromosomes transferred to the thin carrier 
membrane on the sample holder. When examining the x-ray picture of 
these chromosomes no details at all could be seen due to shrinkage effects 
when the chromosomes were dried. 

For the x-ray determination of mass the specimens must be dried before 
they are introduced to the high vacuum of the x-ray tube. The water 
must also be taken away for another reason: The high absorption of soft 


“ 
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x-rays in the water would mask that of the organic structures. For the 
later experiments the chromosomes were pressed between two glass plates 
and thereby stretched and then transferred to the carrier membrane on 
the sample holder. The procedure was as follows. A microscope slide 
was coated with a thin collodion membrane. From salivary glands which 
had been prepared in 50°, acetic acid the individual cells were transferred 
with thin needles to that collodion-coated slide and a drop of acetic acid 
added. By pressing the chromosomes between the slide and a cover 
glass the chromosomes were released from the cells and stretched. The 
coverslip was loosened from the slide in acetic acid and the slide with the 
chromosomes was dried. The chromosomes adhere to the collodion mem- 
brane and do not contract much during the drying procedure. With a 


FIGURE | 

sharp needle a scratch was made in the collodion membrane around a 
chromosome and the little piece of collodion with the chromosomes floated 
off on water and transferred to the carrier membrane of the sample holder. 

In figure | are shown enlargements of microradiograms of chromosomes 
from the salivary glands in Chironomus. The white areas are x-ray 
absorbing. It can be seen that there is a banded cross structure. The 
strong x-ray absorbing areas correspond to the bands while the black 
(non-absorbing) correspond to the interband spaces. Attempts to measure 
the mass of the different bands quantitatively gave highly varying results. 
In general the bands seemed to contain 2 to 10 times more substance 
than the interband spaces. 

The x-ray image of the chromosomes shows the same general picture as 
obtained with other techniques such as photography in ultra-violet light, 
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staining procedures, phase contrast microscopy, ete. The interpretation 
of the x-ray pictures, however, is different from those obtained with other 
techniques, as the x-ray picture shows the distribution of mass (dry 
weight) per unit area. The high content of phosphorus in the chromo- 
somes might be thought to introduce an error in the mass determination 
which is based on the absorption of carbon, oxygen and nitrogen. How- 
ever, in the wave-length region used the mass absorption coefficient for 
phosphorus is /ower than that of mitrogen. Thus the pictures show the 
real distribution of mass. Cf. Engstrém,! 1950. 

The variation in density between the different bands can depend on 
several factors: (1) the bands do not have the same size and specific 
gravity in different parts of the chromosomes; (2) some bands shrink 
more than others during the drying procedure; (3) a number of small, 
thin, bands close together look like a broad band if they are not resolved; 
(4) different parts of the chromosomes may be differently stretched. 
However, the fact that the mass is localized to the bands and that the 
interband spaces are almost empty is interesting from different points of 
view. Depending upon their high content of organic substance the 
bands are expected to absorb ultra-violet light to a high extent, both 
specifically and unspecifically. When stained for different purposes the 
high mass of the bands must have a strong affinity to dyes as regards both 
chemical and physical staining. 

The determination of the mass of the different regions in chromosomes 
can be further developed to include chemical analysis of certain com- 
pounds which can be specifically removed either by extraction or by 
enzymes. In this case the mass is determined before and after the specific 
treatment and the difference can be expressed in per cent of the first 
determination, 1.e., in per cent of dry weight. 

Finally it should be noted that the analysis deseribed in this com- 
munication is performed on chromosomes fixed in acetic acid. The action 
of the fixative on the chemical composition of the chromosomes has yet 
to be investigated. 

Summary. — X-ray microradiographic studies of giant chromosomes from 
Chironomus show that the dry weight per volume unit is 2 to 10 times 
higher in the bands than in the interband spaces. 

* At present Rockefeller Fellow, Dept. of Physics, Stanford University, Calif. 

+ Pflanzenphysiologisches Institut, E. T. Z. Zurich, Switzerland. 

' Engstrom, A., Progress in Biophysics and Biophysical Chemistry, Academic Press, 
New York, and Butterworth-Springer Ltd., London, 1950, pp. 164-196. 
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ERRATA 


Dr. k. E. Johnson has called to my attention that Theorem | of my 
paper “The Jacobson Radical of a Semiring’’ in these PROCEEDINGS, 37, 
163-170 (1951) is in part incorrect. This theorem should read as follows: 

If I is an ideal of a semiring S, then S is homomorphic to the difference 
semiring S = S — 1. 


SAMUEL BOURNE 
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sity, Cambridge 38, Mass. 

Trumpler, Robert Julius, 1932 (2), Berkeley Astronomical Department, 
University of California, Berkeley 4, Calif. 

Tuve, Merle Antony, 1946 (3), Department of Terrestrial Magnetism, 
Carnegie Institution of Washington, 5241 Broad Branch Road, N. 
W., Washington 15, D. C. 

Twitty, Victor Chandler, 1950 (8), Department of Biological Sciences, 
Stanford University, Stanford, Calif. 

Tyzzer, Ernest Edward, 1942 (10), 175 Water Street, Wakefield, Mass. 

Urey, Harold Clayton, 1935 (5), Institute for Nuclear Studies, University 
of Chicago, Chicago 37, III. 
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Vandiver, Harry Shultz, 1934 (1), Department of Applied Mathematics, 
University of Texas, Austin 12, Tex. 

Van Niel, Cornelis Bernardus, 1945 (7), Hopkins Marine Station of Stan- 
ford University, Pacific Grove, Calif. 

Van Slyke, Donald Dexter, 1921 (9), Brookhaven National Laboratory, 
Upton, Long Island, N. Y. 

Van Vleck, John Hasbrouck, 1935 (3), Harvard University, Cambridge 
38, Mass. 

Vaughan, Thomas Wayland, 1921 (6), 3333 P Street, N. W., Washington 
7, 2. 

Veblen, Oswald, 1919 (1), The Institute for Advanced Study, Princeton, 
N. J. 

Vickery, Hubert Bradford, 1943 (9), Connecticut Agricultural Experiment 
Station, New Haven 4, Conn. 

von Karman, Theodore, 1938 (4), 1501 South Marengo Avenue, Pasa- 
dena, Calif. 

von Neumann, John, 1937 (1), The Institute for Advanced Study, 
Princeton, N. J 

Waksman, Selman Abrahain, 1942 (7), Agricultural Experiment Station, 
New Brunswick, N. J. 

Wald, George, 1950 (9), Biological Laboratories, Harvard University, 
16 Divinity Avenue, Cambridge 38, Mass. 

Walker, John Charles, 1945 (7), 206 Horticulture Building, University of 
Wisconsin, Madison 6, Wis. 

Walsh, Joseph Leonard, 1936 (1), Harvard University, Cambridge 38, 
Mass. 

Webster, David Locke, 1923 (3), Physics Department, Room 385, Stan- 
ford University, Stanford University, Calif. 

Weiss, Paul Alfred, 1947 (8), Department of Zoology, University of 
Chicago, Chicago 37, Il. 

Went, Frits Warmolt, 1947 (7), California Institute of Technology, 
Pasadena 4, Calif. 

Werkman, Chester Hamlin, 1946 (9), Department of Bacteriology, lowa 
State College, Ames, Iowa 

Wetmore, Alexander, 1945 (8), Smithsonian Institution, Washington 25, 

Wever, Ernest Glen, 1940 (12), Princeton University, Princeton, N. J. 

Weyl, Claus Hugo Hermann, 1940 (1), Bergstrasse 27, Zurich, Switzer- 
land 

Whipple, George Hoyt, 1929 (10), School of Medicine and Dentistry, 
University of Rochester, 260 Crittenden Boulevard, Rochester 7, 
¥. 

Whitehead, John Boswell, 1932 (4), Johns Hopkins University, Balti- 
more 18, Md. 

Whitney, Hassler, 1945 (1), Department of Mathematics, Harvard Uni- 
versity, Cambridge 38, Mass. 

Whyburn, Gordon Thomas, 1951 (1), School of Mathematics, University 
of Virginia, Charlottesville, Va. 
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Wiggers, Carl John, 1951 (9), School of Medicine, Western Reserve 
University, Cleveland 6, Ohio 

Wigner, Eugene Paul, 1945 (3), 8 Ober Road, Princeton, N. J. 

Williams, Howel, 1950 (6), Department of Geological Sciences, Univer- 
sity of California, Berkeley 4, Calif. : 

Williams, Robert R., 1945 (5), 297 Summit Avenue, Summit, N. J. 

Williams, Roger John, 1946 (5), Biochemical Institute, University of 
Texas, Austin 12, Tex. 

Willier, Benjamin Harrison, 1945 (8), Department of Biology, Johns 
Hopkins University, Baltimore 18, Md. 

Wilson, Edgar Bright, Jr., 1947 (5), Harvard University, Department of 
Chemistry, 12 Oxford Street, Cambridge 38, Mass. 

Wilson, Edwin Bidwell, 1919 (3), Harvard School of Public Health, 695 
Huntington Avenue, Boston 15, Mass. 

Wilson, Ralph Elmer, 1950 (2), Mt. Wilson and Palomar Observatories, 
813 Santa Barbara Street, Pasadena 4, Calif, 

Wilson, Robert Erastus, 1947 (4), 910 South Michigan Avenue, Chicago 
80, Ill. 

Wintersteiner, Oskar, 1950 (9%), Squibb Institute for Medical Research, 
New Brunswick, N. J. 

Wislocki, George Bernays, 1941 (8), Harvard Medical School, 25 Shat- 
tuck Street, Boston 15, Mass. 

Wolbach, Simeon Burt, 1938 (10), Department of Pathology, Children’s 
Hospital, 300 Longwood Avenue, Boston 15, Mass. 

Wolfrom, Melville Lawrence, 1950 (5), Department of Chemistry, Ohio 
State University, Columbus 10, Ohio 

Wood, Robert Williams, 1912 (3), Johns Hopkins University, Baltimore 
18, Md. 

Woodring, Wendell Phillips, 1946 (6), United States Geological Survey, 
Washington 25, D.C. 

Woodworth, Robert Sessions, 1921 (12), Columbia University, New York 
27, N. Y. 

Wright, Frederick Eugene, 1923 (6), 2134 Wyoming Avenue, N. W.. 
Washington &, D. C. 

Wright, Sewall Green, 1934 (8), Department of Zoology, University of 
Chicago, Chicago 37, III. 

Wright, William Hammond, 1922 (2), 60 North Keeble Avenue, San Jose 
11, Calif. 

Wulf, Oliver Reynolds, 1949 (13), Weather Bureau Regional Office, Gates 
and Crellin Laboratories, California Institute of Technology, 
Pasadena 4, Calif. 

Wyckoff, Ralph Walter Graystone, 1949 (5), Laboratory of Physical 
Biology, National Institutes of Health, Bethesda 14, Md. 

Yerkes, Robert Mearns, 1923 (12), Yale University School of Medicine, 
333 Cedar Street, New Haven, Conn. 

Yost, Don Merlin Lee, 1944 (5), California Institute of Technology, 
Pasadena 4, Calif. 
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Young, William Gould, 1951 (5), Department of Chemistry, University 
of California, Los Angeles 24, Calif. 

Zachariasen, Frederik William Houlder, 1949 (3), Department of Physics, 
University of Chicago, Chicago 37, II. 

Zariski, Oscar, 1944 (1), Department of Mathematics, Harvard Uni- 
versity, Cambridge 38, Mass. 

Zworykin, Vladimir Kosma, 1943 (4), 103 Battle Road, Princeton, N. J. 


Number of Members July 1, 1951: 478 


MEMBERS EMERITI 


Allen, Charles Elmer, 1924, Biology Building, University of Wisconsin, 
Madison 6, Wis. 

Anderson, John August, 1928, P. O. Box 332, Pasadena 17, Calif. 

Benedict, Francis Gano, 1914, Machiasport, Me. 

Child, Charles Manning, 1935, Jordan Hall, Stanford University, Stan- 
ford University, Calif. 

Dewey, John, 1910, 1158 Fifth Avenue, New York 29, N. Y. 

Dickson, Leonard Eugene, 1913, Route #2, Joliet, Ill. 

Fernald, Merritt Lyndon, 1935, Gray Herbarium, Harvard University, 
Cambridge 38, Mass. 

Hektoen, Ludvig, 1918, Chicago Tumor Institute, 21 West Elm Street, 
Chicago 10, Ill. (Died July 5, 1951) 

Hulett, George Augustus, 1922, 44 Washington Road, Princeton, N. J. 

Merrill, Elmer Drew, 1923, Arnold Arboretum, Jamaica Plain, Mass. 

Moulton, Forest Ray, 1910, 1637 Orrington Street, Evanston, I. 

Parker, George Howard, 1913, Harvard Biological Laboratories, Divinity 
Avenue, Cambridge 38, Mass. 

Stratton, George Malcolm, 1928, University of California, Berkeley 4, 
Calif. 

Whitney, Willis Rodney, 1917, General Electric Company, Schenectady 
¥. 


FORMER MEMBER 


Sverdrup, Harald Ulrik, 1945,* Norsk Polarinstitutt, Observatoriegt. 1, 
Oslo, Norway 


FOREIGN ASSOCIATES 


The letter in parentheses following the year of election indicates the field 
of scientific research in which the foreign associate was working at the 
time of his election, as follows: 


* Lr. Sverdrup resigned from the Academy on April 2, 1951, on which date he had 
maintained residence in Norway for three years, thereby losing his American citizenship 
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(A) Mathematics (H) Zoology and Anatomy 

(B) Astronomy (I) Physiology and Biochemistry 
(C) Physics (J) Pathology and Bacteriology 
(D) Engineering (K) Anthropology 

(E) Chemistry (L) Psychology 

(F) Geology (M) Geophysics 

(G) Botany 


Adrian, Edgar Douglas, 1941 (1), Trinity College, Cambridge, England 

Alexandroff, Paul A., 1947 (A), Mathematical Institute of the Academy 
of Sciences of the U.S.S.R., Bolshaya Kalushskaya 19, Moscow, 
U.S.S.R. 

Bailey, Sir Edward, 1944 (F), 19 Greenhill Gardens, Edinburgh 10, 
Scotland 

Bartlett, Sir Frederic Charles, 1947 (L), University of Cambridge, The 
Psychologicai Laboratory, Downing Place, Cambridge, England 

Best, Charles Herbert, 1950 (1), Banting and Best Department of Medical 
Research, University of Toronto, Toronto, Canada 

Bohr, Niels, 1925 (C), Institute for Theoretical Physics, Blegdamsvej 
15, Copenhagen, Denmark 

Bordet, Jules, 1935 (I), Pasteur Institute, Rue du Remorqueur, 28, 
Brussels, Belgium 

Bragg, Sir William Lawrence, 1945 (C), Cavendish Laboratory, The Uni- 
versity, Cambridge, England 

de Broglie, Prince Louis, 1948 (C), 94 Rue Perronet, Neuilly-sur-Seine, 
France 

Caso, Alfonso, 1943 (K), Secretaria de Bienes Nacionales e Inspeccion 
Administrativa, Mexico, D. F. 

Chapman, Sydney, 1946 (A), Letters: Queen’s College, Oxford; Printed 
matter: The Mathematical Institute, Oxford, England 

Dale, Sir Henry Hallett, 1940 (1), The Wellcome Trust, 28 Portman 
Square, London, W.1, England 

Debye, Peter, 1931* (C), Baker Laboratory, Cornell University, Ithaca, 
N. Y. (U.S.A.) 

Dirac, Paul Adrien Maurice, 1949 (A), Department of Mathematics, St. 
John's College, Cambridge, England 

Einstein, Albert, 1922+ (C), The Institute for Advanced Study, Princeton, 
N. J. (U.S.A.) 

Eskola, Pentti Kelis, 1951 (IF), Helsinki University, Snellmanink. 5, 
Helsinki, Finland 

Fisher, Ronald Aylmer, 1948 (H), Department of Genetics, University of 
Cambridge, 44 Storey’s Way, Cambridge, England 


* Dr. Debye became a naturalized citizen in 1946 and a member of the Academy 
in 1947, 

} Dr. Einstein became a naturalized citizen in 1941 and a member of the Academy in 
1942, 
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von Frisch, Karl, 1951 (H), The Zoological Institute, University of 
Munich, Munich, Germany 

Hadamard, Jacques, 1926 (A), 12, rue Emile Faguet, Paris XIV, France 

Helland-Hansen, Bjorn, 1947 (M), Chr. Michelsens Institutt for Videns- 
cap, Bergen, Norway 

Hill, Archibald Vivian, 1941 (1), 16 Bishopswood Road, Highgate, London, 
N.6, England 

Hill, James Peter, 1940 (H), Kanimbla, Dollis Avenue, London N.3, 
England 

Houssay, Bernardo Alberto, 1940 (1), Viamonte 2790, Buenos Aires, 
Argentina 

Jeffreys, Harold, 1945 (M), St. John’s College, Cambridge, England 

Jones, Sir Harold Spencer, 1943 (B), Royal Greenwich Observatory, 
Herstmonceux Castle, Hailsham, Sussex, England 

Kapitza, Peter Leonidovich, 1946 (C), Institute for Physical Problems, 
Academy of Sciences of the U.S.S.R., Moscow, U.S.S.R. 

Karrer, Paul, 1945 (E), University of Zurich, Zurich, Switzerland 

Keith, Sir Arthur, 1941 (K), Buckston Browne Farm, Downe, Farn- 
borough, Kent, England 

Kluyver, Albert Jan, 1950 (G), Technical University, Delft, The Nether- 
lands 

Levi, Giuseppe, 1940 (H), Instituto di Anatomia Umana, Corso Massimo 
D’Azeglio, 52, Turin, Italy 

Lim, Robert K. S., 1942 (1), School of Medicine, Creighton University, 
Omaha, Neb. (U.S.A.) 

Linderstrgm-Lang, Kaj Ulrik, 1947 (E), Chemical Division, Carlsberg 
Laboratory, Copenhagen, Denmark 

Lyot, Bernard Ferdinand, 1949 (B), 9 bis rue Boileau, Paris 16, France 

Pieron, Henri, 1949 (L), Institute of Psychology, University of Paris, 
Paris, France 

Robinson, Sir Robert, 1934 (E), Dyson Perrins Laboratory, South Parks 
Road, Oxford, England 

Ruzicka, Leopold, 1944 (E), Department of Organic Chemistry, Institute 
of Technology, Zurich, Switzerland 

Sherrington, Sir Charles Scott, 1924 (1), Gonville and Caius College, 
Cambridge, England 

Southwell, Richard Vynne, 1943 (D), Imperial College of Science and 
Technology, South Kensington, London, $.W.7, England 

Svedberg, The, 1945 (E), Fysikalisk-Kemiska Institutionen, University of 
Uppsala, Uppsala, Sweden 

Taylor, Sir Geoffrey I., 1945 (A), Trinity College, Cambridge, England 

Thomson, Sir Godfrey, 1951 (L), Edinburgh University, 5 Ravelston 
Dykes, Edinburgh 4, Scotland 

Tiselius, Arne W. K., 1949 (I), Institute of Biochemistry, Uppsala 
University, Uppsala, Sweden 

Vallee-Poussin, C. de la, 1929 (A), University of Louvain, Louvain, Bel- 
gium 
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Vening Meinesz, Felix Andries, 1939 (M), Potgieterlaan 5, Amersfoort, 
The Netherlands 

Watson, D. M. S., 1938 (H), University College, Gower Street, London, 
W.C.1, England 

Wieland, Heinrich, 1932 (FE), Sophienstrasse 9, Munich 2 NW, Germany 

Winge, Ojvind, 1949 (1), Department of Physiology, Carlsberg Labora- 
tory, Copenhagen (Valby), Denmark 

Yukawa, Hideki, 1949 (C), Department of Physics, Columbia University, 
New York 27, N. Y. (U.S.A.) 


Number of Foreign Associates July 1, 1951: 46. 


If a foreign associate becomes a member of the Academy his name is not counted in 
the limit of 50 foreign associates. 


SECTIONS 


(1) Mathematics -26 members 

Stone, M. H. 
Thomas, T. Y. 
Vandiver, H. S. 
Veblen, Oswald 

von Neumann, John 
Walsh, J. L. 

Weyl, Hermann 
Whitney, Hassler 
Whyburn, G. T. 


Zariski, Oscar, Chair- Evans, G. C. 

man (1952) Kasner, Edward 
Albert, A. A. Lefschetz, Solomon 
Alexander, J. W. McShane, E. J. 
Bell, E. T. Mae Lane, Saunders 
Bochner, S. Moore, R. L. 
Coble, A. B. Morse, Marston 
Murnaghan, F. D. 
Smith, Paul A. 


Douglas, Jesse 
Eisenhart, L. P. 


(2) Astronomy 26 members 

Merrill, P. W., Chair- Joy, A. H. Russell, H. N. 

man (1953) King, A. S. Seares, F. H. 
Abbot, C. G. Kuiper, G. P. Shapley, Harlow 
Adams, W.S. Leuschner, A. O. Slipher, V. M. 
Aitken, R. G. Mayall, N. U. Stebbins, Joel 
Babcock, H. D. Menzel, D. H. Struve, Otto 
Bowen, I. S. Mitchell, S. A Trumpler, R. J 
Brouwer, Dirk Nicholson, S. B. Wilson, Ralph E. 
Hubble, E. P. Ross, F. E. Wright, W. H. 


(3) Phystes 64 members 


Slater, J.C., Chairman  Birge, R. T. Condon, E. U. 


(1954) 
Allison, S. k. 
Alvarez, L. W. 
Anderson, C. D. 
Bacher, R. F. 


Bainbridge, K. T. 


Beams, J. W. 
Bethe, H. A. 


Bloch, Felix 
Bradbury, N. E. 
Breit, Gregory 
Bridgman, P. W. 
Brode, R. B. 
Coblentz, W. W. 
Compton, A. H. 
Compton, kK. T. 


Coolidge, W. D. 
Crew, Henry 
Davis, Bergen 
Davisson, C. J. 
DuBridge, L. A. 
Dunning, J. R. 
Einstein, Albert 
Epstein, P. 5. 


| 
= | 
/ 
/ 
/ 


Voc. 37, 1951 SECTIONS 


Fermi, Enrico MeMillan, E. M. Schwinger, Julian 
Franck, James Mason, Max Seitz, Frederick 
Goudsmit, S. A. Millikan, R. A. Stern, Otto 
Houston, W. V. Mulliken, R. S. Stewart, G. W. 
Hull, A. W. Nier, A. O. C. Teller, Edward 
Ives, H. E. Oppenheimer, J. R. Tuve, M. A. 
Kemble, E. C. Pegram, G. B. Van Vleck, J. H. 
Kent, R. H. Pierce, G. W. Webster, D. L. 
Kerst, D. W. Purcell, E. M. Wigner, E. P. 
Lauritsen, C. C. Rabi, I. I. Wilson, Edwin B. 
Lawrence, E. O. Robertson, H. P. Wood, R. W. 
Loomis, F. W. Rossi, Bruno Zachariasen, W. H. 
Lyman, Theodore Saunders, F. A. 
(4) Engineering 37 members 

Hunsaker, J. C., Gibbs, W. F. Shockley, W. 

Chairman (1953) Gilliland, E. R. Slepian, Joseph 
Adams, C. A. Herty, C. H., Jr. Soderberg, C. R. 
Briggs, L. J. Hoover, Herbert Stratton, J. A. 
Buckley, O. E. Jeffries, Zay Suits, C. G. 
Bush, Vannevar Kelly, M. J. Terman, F. E. 
Cochrane, E. L. Kettering, C. F. Thomas, C. A. 
Curme, G. O., Jr. Lewis, W. K. Timoshenko, Stephen 
Dryden, H. L. Loomis, A. L. von Karman, T. 
Dunn, Gano Merica, P. D. Whitehead, J. B. 
Durand, W. F. Murphree, E. V. Wilson, Robert E. 
Fletcher, Harvey Raymond, A. E. Zworykin, V. K. 
Foote, P. D. Savage, J. L. 

(5) Chemistry 63 members 

Fuson, R. C., Chair-  Fuoss, R. M. Latimer, W. M. 

man (1953) Giauque, W. F. Libby, W. F. 
Adams, Roger Gilman, Henry Lind, S. C. 
Bancroft, W. D. Hammett, L. P. Longsworth, L. G. 
Bartlett, P. D. Harned, H. S. MecElvain, S. M. 
Baxter, G. P. Hildebrand, J. H. MaclInnes, D. A. 
Bogert, M. T. Hudson, C. S. Marvel, C. S. 
Bolton, E. k. Ipatieff, V. N. Mayer, J. E. 
Conant, J. B. Jacobs, W. A. Mees, C. E. K. 
Cope, A. C. Johnson, J. R. Noyes, W. A., Jr. 
Craig, L. C. Keyes, F. G. Onsager, Lars 
Daniels, Farrington Kharasch, M. S. Pauling, Linus 
Debye, Peter Kirkwood, J. G. Pitzer, K. S. 
Edsall, J. T. Kistiakowsky, G. B. Rodebush, W. H. 
Elderfield, R. C. Kraus, C. A. Rossim, F. D. 
Eyring, Henry La Mer, V. K. Seatchard, George 
Fieser, L. F. Lamb, A. B. Schlesinger, H. I. 
Folkers, Karl Langmuir, Irving Seaborg, G. T. 
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Small, L. F. 
Smith, L. I. 
Urey, H. C. 
Williams, Robert R. 


Williams, Roger J. 


Wolfrom, M. L. 


Wilson, E. Bright, Jr. 


Proc. N. A. S. 


Wyckoff, R. W. 
Yost, D. M. 
Young, W. G. 


(6) Geology—36 members 


Buddington, A. F.,  DeGolyer, E. L. 


Chairman (1954) 
Allen, E. T. 
Berkey, C. P. 
Birch, Francis 
Blackwelder, Eliot 
Bowen, N. L. 
Bradley, W. H. 
Bucher, W. H. 
Chaney, R. W. 
Cloos, Ernst 
Daly, R. A. 

Day, A. L. 


Jones, D. F., Chair- 


man (1953) 
Babcock, E. B. 
Bailey, I. W. 
Bailey, L. H. 
Beadle, G. W. 
Blakeslee, A. F. 
Bonner, James 
Brink, R. A. 
Burkholder, P. R. 
Campbell, D. H. 
Chandler, W. H. 
Clausen, R. E. 


(7) 


Dunbar, C. O. 
Gilluly, James 
Gregory, W. K. 
Hewett, D. F. 
Kelley, W. P. 
Knopf, Adolph 
Larsen, E. S., Jr. 
Lawson, A. C. 
Leith, C. K. 
Longwell, C. R. 
Lovering, T. S. 


Cleland, R. E. 
Couch, J. N. 
Delbriick, Max 
Dodge, B. O. 
Duggar, B. M. 
Fred, E. B. 
Goddard, D. R. 
Kunkel, L. O. 
McClintock, Barbara 
Mangelsdorf, P. C. 
Osterhout, W. J. V. 
Raper, K. B. 
Rhoades, M. M. 


Botany—3S members 


Mead, W. J. 
Mendenhall, W. C. 
Nolan, T. B. 
Palache, Charles 
Reeside, J. B., Jr. 
Rubey, W. W. 
Ruedemann, Rudolf 
Simpson, G. G. 
Vaughan, T. W. 
Williams, Howel 
Woodring, W. P. 
Wright, F. E. 


Riker, A. J. 
Robbins, W. J. 
Sax, Karl 
Sinnott, E. W. 
Smith, Gilbert M. 
Stadler, L. J. 
Stakman, E. C. 
Thimann, K. V. 
Thom, Charles 
Van Niel, C. B. 
Waksman, S. A. 
Walker, J. C. 
Went, F. W. 


(8) Zoology and Anatomy—43 members 


Romer, Alfred S., 
Chairman (1952) 
Allee, W. C. 
Bartelmez, G. W. 
Bigelow, H. B. 
Castle, W. E. 
Conklin, E. G. 
Corner, G. W. 
Danforth, C. H. 
Demerec, Milislav 
Detwiler, S. R. 
Dobzhansky, Theo- 
dosius 


Dunn, L. C. 
Goldschmidt, R. B. 
Harrison, R. G. 
Hartman, C. G. 
Harvey, E. N. 
Herrick, C. J. 
Hisaw, F. L. 
Hutchinson, G. E. 
Irwin, M. R. 
Jacobs, M. H. 
Kellogg, Remington 
Lewis, W. H. 
Metz. C. W. 


Moore, C. R. 
Muller, H. J. 
Nicholas, J. S. 
Painter, T. S. 
Patterson, J. T. 
Riddle, Oscar 
Schmitt, F. O. 
Schrader, Franz 
Smith, Philip E. 
Sonneborn, T. M. 
Stern, Curt 
Sturtevant, A. H. 
Taliaferro. W. H. 
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Twitty, V. C. Wetmore, Alexander Wislocki, G. B. 
Weiss, Paul Willier, B. H. Wright, Sewall 
(9) Physiology and Biochemistry—55 members 

Hastings, A. B., Chair- Fenn, W. O. Northrop, J. H. 

man (1954) Forbes, Alexander Oncley, J. L. 
Anderson, R. J. Gasser, H. S. Peters, J. P. 
Ball, E. G. Hart, E. B. Richards, A. N. 
Bard, Philip Hartline, H. K. Rose, W. C. 
Bronk, D. W. Kendall, E. C. Schmidt, C. F. 
Carlson, A. J. King, C. G. Shaffer, P. A. 
Clark, W. M. Lewis, H. B. Sherman, H. C. 
Clarke, H. T. Link, K. P. Smith, Homer W. 
Cohn, E. J. Lipmann, Fritz Stadie, W. C. 
Cori, Carl F. Loeb, R. F. Stanley, W. M. 
Cori, Gerty T. Long, C. N. H. Sumner, J. B. 
Davis, Hallowell Lorente de N6, R. Van Slyke, D. D. 
Doisy, E. A. McCollum, E. V. Vickery, H. B. 
DuBois, E. F. Mann, F. C. Wald, George 
du Vigneaud, Vincent Marshall, E. K., Jr. Werkman, C. H. 
Elvehjem, C. A. Maynard, L. A. Wiggers, C. J. 
Erlanger, Joseph Meek, W. J. Wintersteiner, Oskar 
Evans, H. M. Meyerhof, Otto 

(10) Pathology and Bacteriology—39 members 

Long, E. R., Chair- Gamble, J. L. Novy, F. G. 

man (1954) Goodpasture, E. W. Opie, E. L. 
Armstrong, Charles Graham, E. A. Paul, J. R. 
Avery, O. T. Heidelberger, Michael Rivers, T. M. 
Blake, F. G. Horsfall, F. L., Jr. Robertson, O. H. 
Blalock, Alfred Huggins, C. B. Rous, Peyton 
Cannon, P. R. Kelser, R. A. Sabin, Albert B. 
Castle, W. B. Little, C. C. Sabin, Florence R. 
Coggeshall, L. T. Loeb, Leo Shope, R. E. 
Cole, Rufus Longcope, W. T. Tillett, W. S. 
Dochez, A. R. Maxcy, K. F. Tyzzer, E. E. 
Dragstedt, L. R. Meyer, K. F. Whipple, G. H. 
Dubos, R. J. Mueller, J. Howard Wolbach, S. B. 
Francis, Thomas, Jr. 

(11) Anthropology—11 members 

Kidder, A. V., Chair- Linton, Ralph Shapiro, H. L. 

man (1954) Lothrop, S. K. Spier, Leslie 
Hooton, E. A. Lowie, R. H. Swanton, J. R. 
Kroeber, A. L. Schultz, A. H. Tozzer, A. M. 


(12) Psychology—2%3 members 


Carmichael, Leonard, Beach, F. A. Gesell, Arnold 
Chairman (1953) Boring, E. G. Graham, C. H. 
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Harlow, H. F. Miles, W. R. Terman, L. M. 
Hilgard, E. R. Pillsbury, W. B. Thurstone, L. L. 
Hail, C..L. Richter, C. P. Tolman, E. C. 
Hunter, W.S. Skinner, B. F. Wever, E. G. 
Kohler, Wolfgang Stevens, S. S. Woodworth, R. S. 
Lashley, KS. Stone, C. P. Yerkes, R. M. 
(13) Geophysics 17 members 

Fleming, J. A., Chair- | Ewing, Maurice Piggot, C. S. 

man (1954) Gunn, Ross Reichelderfer, F. W. 
Adams, L. H. Gutenberg, Beno Rossby, C.-G. 
Berkner, L. V. Iselin, C. O'D. Slichter, L. B. 
Bjerknes, J. Lambert, W. D. Thompson, T. G. 
Byerly, Perry Macelwane, J. B. Wulf, O. R. 


COMMITTEES 
Auditing 
E. U. Condon, Chairman (1952); Hugh L. Dryden (1953), F. W. Reichel- 
derfer (1954). 
Biographical Memoirs 


Detlev W. Bronk, Chairman, ex officio, President of the Academy. 
Chairmen of Sections of the Academy. 


Buildings and Grounds Advisory Committee 


(Joint Committee of the Academy and Research Council) 
G. D. Meid, Chairman; Detlev W. Bronk (NAS), R. C. Gibbs (NRC), 
M. C. Winternitz (NRC), Alexander Wetmore (NAS). 


Scientific Conferences 
Dunean A. MaclInnes, Chairman; Michael Heidelberger, John G. Kirk- 
wood, J. Robert Op penheimer, Louis B. Slichter, L. J. Stadler. 
Revision of the Constitution 
Edwin B. Wilson, Chairman; Eugene F. DuBois, William J. Robbins. 
Finance 
W. J. Robbins, Chairman, ex officio, Treasurer of the Academy 
Detlev W. Bronk, ex officio, President of the Academy 
Vannevar Bush, Roger Adams, J. C. Hunsaker. 
Financial Advisory 
Lindsay Bradford, Henry Morgan, James H. Orr, Benjamin Strong. 
Horace Ford, Financial Adviser. 
Library 
G. W. Corner, Chairman; Lloyd V. Berkner, Hugh L. Dryden, James L. 
Jamble. 
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TRUST FUNDS 


Standing Committee on Meetings 
Alexander Wetmore, Chairman (1953); John A. Fleming (1953), Harvey 
Fletcher (1952), Ernest W. Goodpasture (1952), Walter S. Hunter (1954), 
Dunean A. MacInnes (1952), George Wald (1954), Paul Weiss (1954), 
Edwin B. Wilson (1953). 


Advisory Committee on Membership 


Members of the Council of the Academy, Chairmen of Sections of the 
Academy. 


Committee on Scientific Personnel in the Armed Forces 


F. Wheeler Loomis, Chairman; Leonard Carmichael, R. F. Loeb, John S. 
Nicholas, William W. Rubey, C. A. Thomas, Merle A. Tuve. 


Editorial Board of the Proceedings 


Linus Pauling, Chairman. 

Edwin B. Wilson, Managing Editor. 

Home Secretary of the Academy, ex officio. 

Foreign Secretary of the Academy, ex officio. 
Chairman of the National Research Council, ex officio. 


J. W. Beams (1954) G. W. Beadle (1953) sregory Breit (1952) 
R. E. Cleland (1954) — E. A. Doisy (1953) L. C. Dunn (1952) 

W. W. Rubey (1954) — G. C. Evans (1953) C. S. Marvel (1952) 
Harlow Shapley (1954) C. H. Graham (1953) J. von Neumann (1952) 
F. E. Terman (1954) — J. T. Patterson (1953) W. H. Taliaferro (1952) 


Publications of the Academy 


Detlev W. Bronk, ex officio, President of the Academy; Alexander Wet- 
more, ex officio, Home Secretary of the Academy; E. G. Conklin. 


Retirement Pension Trust Agreement 


Pension Committee: Detlev W. Bronk, President of the Academy 
William J. Robbins, Treasurer of the Academy 
Alexander Wetmore, Home Secretary of the Academy 
Trustees: Detlev W. Bronk, G. D. Meid 


Weights, Measures, and Coinage 
Gano Dunn, Chairman; G. P. Baxter, R. W. Wood. 


TRUST FUNDS 
Alexander Dallas Bache Fund 


Researches in physical and natural science. $60,000. 
Board of Directors: Edwin B. Wilson, Chairman; W. J. V. Osterhout, 
Sewall Wright. 
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Barnard Medal for Meritorious Service to Science 


Discoveries in physical, or astronomical science or novel application of 
science to purposes beneficial to the human race. (Every five years the 
committee recommends the person whom they consider the most deserving 
of the medal, and upon approval by the Academy, the name of the nominee 
is forwarded to the trustees of Columbia University, who administer the 
Barnard Medal Fund.) 

Committee: Ernest O. Lawrence, Chairman; Edwin Hubble, I. I. 
Rabi, V. M. Slipher, W. R. Whitney. 


John J. Carty Fund 


Medal and monetary award, not oftener than once in every two years, to 
an individual for noteworthy and distinguished accomplishment in any 
field of science coming within the scope of the charter of the Academy. 
$25,000. 

Committee: Herbert Gasser, Chairman (1952); Roger Adams (1954), 
Karl T. Compton (1956), E. C. Stakman (1955), Robert E. Wilson (1953). 


Cyrus B. Comstock Fund 


Prize awarded every five years for most important discovery or investiga- 
tion in electricity, magnetism, or radiant energy; or to aid worthy in- 
vestigation in those subjects. $15,000. 

Committee: 1.1. Rabi, Chairman (1952); Robert F. Bacher (1956), P. W. 
Bridgman (1955), Arthur H. Compton (1954), Enrico Fermi (1953). 


Henry Draper Fund 


Medal and investigations in astronomical physics. $10,000. 
Committee: 1. S. Bowen, Chairman (1952); P. W. Merrill (1953), S. A. 
Mitchell (1956), Henry Norris Russell (1954), Otto Struve (1955). 


Daniel Giraud Elliot Fund 


Medal and honorarium for most meritorious work in zoology or paleon- 
tology published each year. $8,000. 

Committee: Alexander Wetmore, Chairman (as Secretary, Smithsonian 
Institution); Albert E. Parr (as Scientific Director, American Museum of 
Natural History); Carl O. Dunbar (1953), G. Evelyn Hutchinson (1954). 


Wolcott Gibbs Fund 


Chemical research. $10,545.50. 
Board of Directors: George Scatchard, Chairman; Roger Adams, C. A. 
Kraus. 


Benjamin Apthorp Gould Fund 


Researches in astronomy. $30,000. 
Board of Directors: Otto Struve, Chairman; W.S. Adams, Joel Steb- 
bins. 
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Marcellus Hartley Fund 

Medal for eminence in the application of science to the public welfare. 
$1,200. 

Committee: Oliver E. Buckley, Chairman (1952); Leonard Carmichael 
(1953), A. Baird Hastings (1954), J. Robert Oppenheimer (1952), Homer 
W. Smith (1953), M. A. Tuve (1954). 

Joseph Henry Fund 

To assist meritorious investigators, especially in the direction of original 
research. $47,163.50. 

Committee: G. W. Corner, Chairman (1952); E. U. Condon (1955), 
E. B. Fred (1953), A. Baird Hastings (1954), John G. Kirkwood (1956). 

Kovalenko Fund 

Medal and honorarium for contributions to medical science. $11,150. 

Committee: Philip Bard, Chairman (1955); Carl F. Cori (1952), 
René Dubos (1953), Robert F. Loeb (1954), George H. Whipple (1952). 

Marsh Fund 

Original research in the natural sciences. $20,000. 

Committee: C. S. Marvel, Chairman (1954); W. M. Stanley (1953), 
W.H. Taliaferro (1952), F. E. Terman (1955), W. P. Woodring (1956). 

Murray Fund 

Agassiz Medal for original contribution in the science of oceanography. 

$10,000. 


Committee: Maurice Ewing, Chairman (1952); Henry B. Bigelow (1953), 
C. O'D. Iselin (1954). 


J. Lawrence Smith Fund 

Medal and investigations of meteoric bodies. $10,000. 

Committee: John A. Fleming, Chairman (1952); Gerard P. Kuiper 
(1956), Esper S. Larsen, Jr. (1955), Harlow Shapley (1953), Joel Stebbins 
(1954). 

Mary Clark Thompson Fund 

Medal for most important services to geology and paleontology. $10,000. 

Committee: Ralph W. Chaney, Chairman (1952); W. H. Bradley 
(1953), John B. Reeside, Jr. (1954). 

Charles Doolittle Walcott Fund. 

Medal and honorarium to stimulate research in pre-Cambrian or Cam- 
brian life. $5,000. 

Board of Trustees: Carl O. Dunbar, Chairman; Alexander Wetmore, ex 
officio, Secretary, Smithsonian Institution; Pierre Pruvost, representing 
the Institut de France (1952); C. J. Stubblefield, representing The Royal 
Society of London (1952); John B. Reeside, Jr. (1953). 


James Craig Watson Fund 


Medal and the promotion of astronomical research. $25,000. 
Trustees: Otto Struve, Chairman; Dirk Brouwer, R. J. Trumpler. 
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accordance with 


INFORMATION TO CONTRIBUTORS | 


Tue Procerprnes is the official organ of the Nationat Acapemy OF 
Scrences and of the Nationat Reszarcn Counci. for the publication of 
brief accounts of important current researches of members of the ACADEMY 
INGS will aim tally to secure prompt tion announce- 
ments of discoveries and wide circulation of the results of American re- __ 
search among investigators in other countries and in all branches of science. 
Articies should be brief. The viewpoint 
~ giving the relation of the paper to previous publications of the author or 
of others and in exhibiting, where practicable, the significance of the work ~ 
for other branches of science. Elaborate technical details of the work and 
long tables of data should be avoided, but authors should be precise in 


making clear the new results and should give some record of the methods _ bi 


and data upon which they are based, 

Manuscripts should be prepared with a current number of the Pro- 
CEEDINGS as a model in matters of form, and should be typewritten in 
duplicate with double spacing, the author retaining one copy. Illustrations 
should be confined to text figures of simple character, h more elabo- _ 
rate illustration may be allowed in special instances to authors willing to” 
~ pay for their preparation and insertion, Particular attention should be 
given to arranging tabular matter in a simple and concise manner. 
. ° Rererences to literature, numbered consecutively, will be placed at the 

end of the article and short footnotes should be avoided. It is suggested 
that references teh agora be furnished in some detail and in general in 

ok: standard adopted for the Subject Catalogue of the 
- International Catalog of Scientific Literature, viz., name of author, with 


initials following (ordinarily omitting title of paper), abbreviated name 


» with place of publication, series (if any , volume, inclusive 
pages, year. For example: Montgomery, T. H., J. Morph., Boston, 22, 
or, , W. M., Komigsberg, Schr. physik. Ges., 25, 


Manuscripts may be sent to the Editor, Edwin Bidwell 


Wilson, Harvard Se of Public Health, 6 untington Ave., Boston 
15, Mass., only by members of the AcapeMy or by chairmen of the divisions 
of the NaTIONAL Resgarcn Councit who will assume responsibility for 
the propriety and scientific standards of the paper. Articles are limited to 
six printed pages; excess space is billed to the author at $14.00 per page. 

Proor will ordinarily be sent,—with the understanding that charges for 
an author's corrections shall be billed to him. Authors are therefore re- 
quested to make final revisions on the typewritten manuscripts. 


__ Reprints should be ordered at the time of submission of manuscript. 
They will be furnished to authors at cost, approximately as follows: 
SCHEDULE OF RATES FOR REPRINTS, CARRIAGE CHARGES EXTRA 
No. Copies 150 


Spp. ‘ 10. 12. 
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